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Artificial Abelian gauge potentials induced by dipole-dipole interactions between Rydberg atoms
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We analyze the influence of dipole-dipole interactions between Rydberg atoms on the generation of Abelian
artificial gauge potentials and fields. When two Rydberg atoms are driven by a uniform laser field, we show
that the combined atom-atom and atom-field interactions give rise to nonuniform, artificial gauge potentials.
We identify the mechanism responsible for the emergence of these gauge potentials. Analytical expressions for
the latter indicate that the strongest artificial magnetic fields are reached in the regime intermediate between
the dipole blockade regime and the regime in which the atoms are sufficiently far apart such that atom-light
interaction dominates over atom-atom interactions. We discuss the differences and similarities of artificial gauge
fields originating from resonant dipole-dipole and van der Waals interactions. We also give an estimation of
experimentally attainable artificial magnetic fields resulting from this mechanism and we discuss their detection

through the deflection of the atomic motion.
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I. INTRODUCTION

In 1996, Lloyd [1] showed that the dynamics of complex
many-body quantum systems can be efficiently simulated by
quantum computers, an idea first put forward by Manin [2] and
further developed by Feynman [3]. Although the first quantum
computers of a few qubits have been realized experimentally
[4,5], the advent of scalable quantum computers might take
another few decades. An alternative tool in the context of
simulation is a highly controllable quantum system able to
mimic the dynamics of other complex quantum systems,
known as an analog quantum simulator. Cold neutral atoms
and trapped ions have been shown to be versatile quantum
simulators [6,7] thanks to their high flexibility, controllability,
and scalability. They permit one to study a wide range of
problems arising from atomic physics, relativistic quantum
physics, or cosmology [8]. Since neutral atoms do not carry any
net charge, the simulation of electric and magnetic condensed
matter phenomena, such as the spin Hall effect, seems out
of reach. To overcome this apparent difficulty, the idea has
been proposed to create artificial electromagnetic potentials for
neutral atoms based on atom-light interaction [9—12]. These
artificial potentials act on neutral atoms as real electromagnetic
potentials act on charged particles. Soon after, proposals for the
generation of non-Abelian gauge potentials came out [13—-15],
inspired by the work of Wilczek and Zee [16] on adiabatic
evolution in the presence of degenerate eigenstates.

Many works on artificial gauge potentials induced by
atom-light interaction adopt a single-particle approach. The
predicted potentials are then supposed to be valid for a
system of many weakly interacting atoms, like, e.g., in a
Bose-Einstein condensate [17-20]. However, new physics
arise in ultracold dipolar gases where long-range interactions
between atoms are known to play an important role [21-23].
So far, the consequences of atom-atom interactions on the
generation of artificial gauge fields has little been studied.
In particular, dipole-dipole interactions could significantly
modify artificial gauge fields, or even give rise to artificial
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gauge fields otherwise not present. The aim of this paper is
to address this problem analytically by studying a system of
two long-lived interacting Rydberg atoms driven by a common
laser field. In a recent work [24], another configuration was
studied in which two interacting Rydberg atoms are subjected
to a static electric field. Abelian and non-Abelian artificial
gauge fields were computed numerically for different amounts
of Stark shifts asymmetry of the Zeeman sublevels, and were
shown to realize a velocity-dependent beam splitter [25].

The paper is organized as follows. In Sec. II, we present
some established results on artificial gauge fields for a single
two-level atom evolving adiabatically [12] as these will be
used throughout the paper. We give at the same time a different
formulation of the single-atom artificial gauge potentials. We
then generalize the analysis to two noninteracting two-level
atoms. In Sec. III, we study a system of two interacting
Rydberg atoms driven by a uniform laser field and calculate the
associated artificial gauge potentials when the system evolves
adiabatically. We discuss the general expressions and explain
the mechanism responsible for these potentials and fields.
We estimate the attainable field strengths and consider their
detection in view of recent experiments. A brief conclusion is
drawn in Sec. IV. Sections A and B are Appendixes dedicated
to the calculation of the artificial gauge potentials in the
center-of-mass coordinate system and to the derivation of an
effective Hamiltonian in the dipole blockade regime.

II. ARTIFICIAL GAUGE POTENTIALS WITHOUT
ATOM-ATOM INTERACTIONS

A. A single two-level atom

We consider a single two-level atom interacting with
a classical electric field E(r,t) = & e cos(k; - r — wyt) of
amplitude &, polarization €, and wave vector k. . In the electric
dipole and rotating wave approximations, the Hamiltonian
accounting for the internal dynamics of the atom is given,
in the interaction picture, by

N . hé
Hz[zz(gze L |e)(g|+H.C.)—?(TZ, (1)
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where |e), |g) are the atomic excited and ground states,
respectively, separated in energy by hw, Q = —d* - € &y/h
is the Rabi frequency with d = (g|a|e) the dipole matrix
element for the transition |e) <> |g), § = wp — w is the
detuning between the laser and atomic transition frequencies,
H.c. stands for Hermitian conjugate, and o, = |e)(e| — |g){g].
Hamiltonian (1) admits two nondegenerate eigenvectors:

(—8 + AT Q-

Ix£(r)) = e le) + CTET

of energy E1 = +hA /2 where

A =AM = VIQM)? +8(r)? 3)

is the generalized Rabi frequency. The latter can vary with
the atomic position both through the Rabi frequency €2 via
the electric field amplitude and through the detuning which
can be made position dependent by means of the Zeeman
effect [18,19].

When the atomic motion is treated quantum mechanically,
the Hamiltonian governing the system is given in the position
representation by

lg) (@)

~2
H= (p—+U> @ 1™ + 1™ ® Ay, 4
2m

where p =V, /i is the atomic momentum operator, m is the
atomic mass, U is a potential energy insensitive to the atomic
internal state, 1:12[’ given by Eq. (1), is the atomic internal
Hamiltonian, and 1 (1¢*) denotes the identity operator in the
atomic internal (external) Hilbert space.

The internal state of the atom can always be decomposed
onto the basis states (2) which depend parametrically on the
atomic position r. With such a decomposition, the global wave
function of the atom in the position representation reads [12]

(el @) =D ;0| m). 5)

j=*

When the atom is initially in the internal state |y,(r))
and moves sufficiently slowly to ensure adiabatic evolution,
it stays over time in the internal state |x4(r)). In this case,
the population of the state |x_(r)) remains negligible such
that (r|y¥ (1)) = Y (r,1)| x+(r)) at any time ¢. Plugging this
expression of the wave function into the time-dependent
Schrodinger equation for Hamiltonian (4) and projecting onto
| x+(r)), we obtain a Schrodinger-like equation for ¥, (r,7),

B — gAT)2
ihim(r,r) = [w +q¢" +U + @]m(r,r),
ot 2m 2
(6)
with
gAT(r) = i (x4+|Viexs), (7
and
+ n? 2
qe™(r) = 2_|(X7|VrX+)| . 8
m

Equation (6) is formally equivalent to Schrodinger’s equa-
tion for a particle of electric charge ¢ immersed in an
electromagnetic field described by the potentials A*(r) and
¢T(r) and experiencing an additional potential U +hA /2.
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The potentials AT(r) and ¢*(r) are therefore referred to as
Abelian artificial gauge potentials. The completeness relation
Ix) (xal + Ix_) x| = it allows us to rewrite Egs. (7)
and (8) in terms of the expectation value (p),, and variance
(Ap?),, of the momentum operator p = /2 V, /i in the position-
dependent internal state | x(r)),

52
gt =S )
2m
This formulation of the artificial gauge potentials makes ex-
plicit the interpretation of the term (p + (p) ., )*/2m appearing
in Eq. (6) as the kinetic energy associated with the slow center-
of-mass motion of the atom during its adiabatic evolution. It
also makes clear that the origin of the scalar potential ¢ lies
in the quantum fluctuations of momentum as measured by the
variance, in full agreement with the interpretation of this term
as additional kinetic energy associated with the micromotion of
the atom resulting from its interaction with the laser field [26].

In the remainder of this paper, we set the artificial charge g
equal to one unless otherwise stated. When the Rabi frequency
has a constant phase ¢, Q(r) = |Q(r)|e’?, we directly obtain
from Eqgs. (2), (7), and (8),

TN AT A Y.
A(r)_(1+A>

gAt () = —(P)y,,

2 9
G IVeQ+ 121V QPR
¢+(r)=[ e + 5 |5 (10

If the system had adiabatically followed the state | x_) (instead
of |x+)), the resulting scalar potential would be identical to
Eq. (10) whereas the vector potential would appear with the
opposite sign in front of §/A.

The artificial magnetic and electric fields associated with
these potentials are B* = V, x A* and E* = —V,¢*. For
instance, the artificial magnetic field is given by

B* )—iM(QVS 3V, k 11
(r—2A3||r_ r||)XL- ()
Whenever § and €2 are uniform, i.e., do not vary in space,
the artificial vector potential is uniform and the magnetic field
vanishes everywhere.

B. Two noninteracting two-level atoms

For comparison with latter results and to introduce no-
tations, we briefly consider the case of two noninteracting
two-level atoms driven by a common laser field. Let us
denote by r, the position of atom o = a,b. The Hamiltonian
describing the internal dynamics of the atoms interacting with
the laser field is given by

I:Inon—int = I:IZZ,a & ﬂ;;m + ﬂi,m ® I:I2l,ba (12)

where ]Alg‘t denotes the identity operator in the internal Hilbert
space of atom « and Iflzl,a is the single-atom interaction
Hamiltonian (1) for atom « (¢ = a,b). The eigenvectors of
Hamiltonian (12) follow directly from the eigenvectors | x4 (r))
[Eq. (2)] of Eq. (1),

[Xij(CasTp)) = 1Xi(Ta))a & [X;(T6))ps (13)

withi,j = +.
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The full Hamiltonian, including quantization of the atomic
motion, is given by

52 52
y | Pj Jint fext 3
H = + = +U |1y + 13 ® Huon—ini, (14
(zma 2m;, ab ab non—int ( )
where ]Al;l p = ]Algl ® flgj, Py =1V, /iisthe momentum operator
for atom «, and U is a potential energy insensitive to the atomic
internal state. The global state of the two-atom system is given
in the position representation by

(rg,rp|r(t)) = Z Yij (0,5, )| % (Ta,Tp)), (15)

i,j=%

where the wave functions v;;(r,,rp,t) describe the atomic
motion. When the atoms are initially in the (separable)
internal eigenstate | x;;(ry,T)), their adiabatic evolution ensure
them to follow the same separable internal state such that
(ra,rp|r(@)) & ¥ij(rg,rp,1)| xij(rq,rp)) at any time ¢. Similar
developments as before then lead us to the Schrodinger-like
equation,
b — AL ()] .
ih%%(rmrb,o = [ > % + ¢ (ra)

a=a,b

+U + Ei(r,) + Ej(rb)] Vij(y,Tp,1),

(16)
with the artificial gauge potentials,
A (ry) = if(xij| Vi, xij)s (17)
ij R 2
P )= 5— > |(ua|Veuxis)| (18)
2mq klij

where the sum runs over all eigenstates of the two-atom
Hamiltonian except the initial state. For independent atoms, the
eigenstates | x;;) are separable [Eq. (13)] and Egs. (17) and (18)
reduce to the single-atom potentials (7) and (8). As could be
expected when the electromagnetic field is treated classically,
e.g., as an external field, the noninteracting atoms experience
the same artificial gauge potentials as those calculated for a
single atom, with the slight difference that they can experience
different potentials depending on their respective internal state.
Again, when § and 2 are constant over space, the artificial
vector potentials are constant and the artificial magnetic fields
vanish everywhere.

The generalization of these results to a system of N
noninteracting atoms in a classical laser field proceeds along
the same lines.

III. ARTIFICIAL GAUGE POTENTIALS FOR TWO
INTERACTING RYDBERG ATOMS

In order to highlight the contribution of atom-atom in-
teractions on the generation of artificial gauge fields, we
consider uniform Rabi frequency and detuning. In this case,
the single-atom artificial gauge potentials are constant and do
not give rise to any magnetic or electric fields, as recalled in
the previous section.
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A. Hamiltonian

We consider a system of two atoms interacting with each
other when they are both in an excited Rydberg state. The
interaction energy between a ground-state atom and the other
atom is assumed to be negligible [27]. To account for the
energy shift of the doubly excited state |ee) = |e), ® |e)s
caused by dipole-dipole interactions, the term nV |ee)(ee| is
added to the Hamiltonian (12) describing two independent
atoms driven by a common laser field. This leads us to the
Hamiltonian,

Hy g = Hoon_int + 1V |ee){ee]. (19)

This simple but realistic model provides the core foundation
for several theoretical works on Rydberg gases [28]. Gillet
et al. [29] showed that it successfully reproduces experimental
observations on the dipole blockade effect [30]. Very recently,
it was applied by Béguin and coworkers [27] to deduce
from experimentally measured excitations probabilities the
1/ rgb dependence of the van der Waals interaction between
two Rydberg atoms (here r,, = |r, — 1| is the interatomic
distance).

For resonant dipole-dipole (RDD) interactions, the energy
shift takes the form AV =hCs/ rsb. In the absence of an
external field, C; has no angular dependence because of
rotational invariance. However, when the atoms are excited
by a laser field, C3 may depend on the angle between the
interatomic axis and light polarization. Here, we shall consider
the case of s-state atoms for which the energy shift is almost
spherically symmetric [31], even though our analysis can be
generalized directly to account for an angular dependence.
For van der Waals (vdW) interactions, when the atoms are far
apart or in the absence of Forster resonance, the energy shift
displays the characteristic 1/r%, dependence, iV =7Cs/rS,.
Let us define a crossover distance r. at which the atom-atom
interaction energy equals the atom-field interaction energy.
The distance r, is implicitly determined by the equality,

[V(rol = A, (20)
where A is given by Eq. (3). For RDD interactions, we have

re = &/|Cs|/ A, whereas for vdW interactions, r. = J/|Cg|/A.

B. Eigenstates

It is convenient to introduce the symmetric and antisym-
metric one-excitation states,

1 ikp-r, ikp-r
Vi) = —=(e7 " [eg) £ e ge)), (21

/2

because |1_) is a trivial eigenstate of Hy_q with eigenvalue 0.
In the basis {|¥_),|ee),|¥),|gg)}, Hamiltonian Hy_q4 reads

Hy_q = 1(V — §)|ee)(ee| +hd|gg)(gs

ns2 iKp«(rg+rp)
+ E(E “lee) (Y| + 1¥1)(ggl) + Hee. |.
(22)
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It has nondegenerate eigenvalues,

h 2
E():O, E1=§ S++S,+§V .

n 1 2
E. = 3 |:—§(S+ +s5-)+ §V iié(ﬁ— _s—)j| » (23)

2
where
se=yy £V +y2 (24)
and

2
n=§<6(V—a)—|9|2—V—>,

: (25)
V (8
=—(=V?—48(Vv -8 -21Q°).
v=3 <9 ( ) —2|€ )
The associated eigenvectors are given by (i = 1,£)
xi) = NilhQ e " H1E ee) + V2 Fi |ry)
+hQ*Fi gg)], (26)

where N; = N;(r,,r},) is a normalization constant and

&i(ra,rp) = E; — 18, Fi(rg,rp) = E; +h(5 — V). (27)

C. Artificial gauge potentials and fields
1. General expressions

When the system is initially in the internal state |x;)
(i =1,%) [see Eq. (20)], the general expressions of the
artificial gauge potentials are still given by Eqgs. (17) and (18)
but with |y;;) replaced by the two-atom eigenstates (26). A
direct calculation yields

AL (rap) = AL (rap) €k, » (28)
with r,, = [r; — 1|, ek, = Kk /kr and
AL(rap) = —N2EI(1P|Q1* + FP)hky. (29)

The dependence of Afx(rub) on the position r, of atom «
appears only through the interatomic distance r,, via N;, E;,
and V. Since the artificial potentials (28) are identical for both
atoms and depend only on r,y, the magnetic fields for atoms a
and b have opposite signs. To reduce the amount of notation,
we only give the magnetic field experienced by atom a, which
reads
1
B, (ro) = Vi, Al x e, = % e, X e, , (30)
Fab
with e;,, = ru/rqp. In areference frame in which atom b is at
the origin, and equipped with spherical coordinates {r,;,0,¢}
where the z-axis points in the same direction as the laser wave
vector, the artificial magnetic field takes the form,
1
B, (ra) = ZZ: sinf e, = BC’W €, 31

where 0 is the angle between the z axis and r,;. The structure
of this vector field is illustrated in Fig. 1.
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FIG. 1. (Color online) Vector plot of B} for §/|Q2| =0 and
k; = (0,0,k.). Colorindicates the magnetic field strength, from black
(strong magnetic field) to white (zero magnetic field). The blue dot
shows the position of the fixed atom with which atom a interacts.

From Egs. (18) and (26), we obtain for the artificial scalar
potentials:
E2F?
2

O (rap) = N? { + Y NA(EE,Ch + CEFF) K
J#i
nk?

—, 32
o, (32)

+EERQ + ﬂf,-)z]}

with C5 =1°|Q? +28¢&;, C =R QP +2FF;, i,j =
1,4+ and where the prime denotes a derivative with respect
to rup.

Artificial scalar potentials are of the order of the recoil
energy hzk% /2m, which for Rubidium atoms and an optical
transition is about 1 ©K. This is usually much weaker than the
trapping potential U and can be compensated by additional
light shifts. We shall therefore concentrate our attention on
artificial vector potentials and magnetic fields. For the sake of
completeness, we also provide in Appendix A the derivation
and a brief discussion of the artificial gauge potentials in the
center-of-mass coordinate system.

2. Dipole blockade regime

In the blockade regime, dipole-dipole interactions between
excited atoms dominate over atom-light interactions. This
prevents the system from populating the doubly excited state
|ee), which can be eliminated from the equations of motion,
thus leading to an effective Hamiltonian that captures the
dynamics as long as the interatomic distance is much smaller
than the crossover distance r. defined by Eq. (20). The
derivation of the effective Hamiltonian and the determination
of its eigenvalues and eigenvectors are exposed in Appendix B.
There we also show that the artificial gauge potentials take the
simple form,

Aty = FOH9) - VE 1k,

2JVE 2 2 (33)
oy = |14 TES 197 ARPVeT ) P2
0 JE  E ke | Tem,’
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where
1

= = o 2 2
=5y —mpy ST Gh

with the correspondence ASTF < AT, A~ <5 A~ in the
case of repulsive interactions and AT+ « A, AST~ < Al
in the case of attractive interactions. The same correspondence
holds for the scalar potentials. In this regime, the third vector
potential is constant and equal to —%k; because the corre-
sponding eigenstate of energy i(V — §) reduces to expliky -
(r, +rp)]lee). For consistency, we checked numerically that
these potentials are close to the general expressions (28)
and (32) for interatomic distances much smaller than r,.

Expression (33) for the artificial vector potentials shows a
crucial feature: The artificial magnetic fields appear only be-
cause of the combined atom-atom and atom-field interactions.
Indeed, in the absence of field, 2 = 0, the vector potentials
are constant and the magnetic fields vanish. On the other hand,
when there is no interaction, V = 0 and the vector potentials
are constant which again leads to zero magnetic fields.

For a vanishing detuning (§ = 0), the vector potentials

become
Q nk
€ =L 35
VIQPR +8V2(ry) ) 4

Comparison of Eq. (35) with Eq. (10) shows that the artifical
vector potentials have the same form, up to a multiplicative
factor 1/2, as those felt by a single two-level atom irradiated
by a laser field where |2| plays the role of the detuning and
8V2(r,p) the role of the Rabi frequency. This similarity breaks
down for the scalar potentials and for both potentials in the
presence of a detuning in the interacting two-atom system.

AL () = (—1 F

3. Weak interaction regime

For large interatomic distances, r > r., atom-light inter-
action dominates over atom-atom interactions 7V < i A). In
this limit, a series expansion of the general expression (29)
yields, after some algebra,

I F) 283 +3|Q21%(6 — A) hky
Al =1|(—-1+—= il
g ( +A>+< 6A* >V} 2

I F) 283 +3|212(6 + A) hky
At =|(-1-— VI|—=,
" ( A>+( 6% ) ] 2

_ T 8|1Q? hky
A =|—-1- V]—. 36
NENEINE o
In the absence of atom-atom interactions, the vector potentials
Al and A} and the scalar potentials reduce to the single-atom
potentials (10) as required. We note that for weak interactions,

the artificial vector potentials are linear in the interatomic
potential.

D. Discussion

Resonant dipole-dipole interactions give rise to an attractive
or repulsive interaction potential between excited atoms of
the form AV =hC5/ rjb, whereas van der Waals interac-
tions are usually attractive with an interaction potential of
the form AV =hC¢/ raﬁb [31,32]. When the laser frequency
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FIG. 2. (Color online) Only nonvanishing component of the
dimensionless artificial vector potentials A/, /ik;, (green dotted curve,
i = 1; blue dashed curve, i = —; orange solid curve, i = +) as a
function of the interatomic distance r,; /7. for §/|$2| = 0, (top panel)
resonant dipole-dipole interactions, and (bottom panel) van der Waals
interactions.

matches the atomic transition frequency (8§ = w; — o = 0),
the sign of the interaction potential does not affect the
artificial magnetic fields [33]. More generally, it follows
from Eq. (23) that E{(V,8) = —E(—V,=4) and E_(V,§) =
—E_(—V,—6) where E;(V,5) denotes the energy eigenvalue
for an interatomic potential V and a detuning §. These
relations, together with Egs. (27), (29), and (31), imply
that BL(V,8) = B} (—V,—8) and B, (V,8) = B, (—V,—$). In
the remainder, we choose to focus on attractive potentials
(C3,Cq < 0) both for RDD and vdW interactions, given that
the artificial magnetic fields for repulsive interactions can
directly be deduced from those for attractive interactions.

Before we discuss the features of the artificial magnetic
fields, it is useful to construct from the characteristic length r,
[see Eq. (20)], the laser wave number k; and the elementary
charge e, a characteristic magnetic field strength,

hky

By = —%. (37)
er;

As we shall see, By gives the typical strength of the artificial
magnetic fields induced by the joint atom-laser and atom-atom
interactions for a particle with electric charge g = e.

We show in Fig. 2 the only nonvanishing component of the
artificial vector potential as a function of the dimensionless
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FIG. 3. (Color online) The ¢-component of the dimensionless
magnetic fields BL / By (green dotted curve, i = 1; blue dashed curve,
i = —; orange solid curve, i = +) as a function of the interatomic
distance r,,/r. for §/|2| =0, (top panel) resonant dipole-dipole
interactions and (bottom panel) van der Waals interactions.

interatomic distance r,;/r. for a vanishing detuning. First,
we note that the artificial vector potentials for RDD and
vdW interactions display the same qualitative behavior. For
small interatomic distances, r,,/r. < 1, the system is dipole
blockaded and the component along the laser propagation axis
of the vector potential tends to a nonzero value (—hky/4
or —hk;) which only depends on the atomic internal state,
and not on the type of interaction. The largest variations of
the vector potentials occur around r,;, = r., and are more
pronounced in the case of vdW interactions (see bottom panel).
For large r,,/r., atom-atom interactions become negligible
with respect to atom-field interactions, and Afx tends in both
cases to the value obtained for noninteracting atoms, i.e.,
—hkr /2 [see Eq. (10)]. Figure 3 displays the corresponding
artificial magnetic fields, which are sizable over a distance
interval of the order of r.. A maximum of intensity appears
around r,, = r., where the atom-atom interaction energy 7V
equals the atom-field interaction energy i A [see Eq. (20)]. The
magnetic field profiles depend markedly on the atomic internal
state, and are more squeezed in the case of vdW interactions.

The behavior of the artificial magnetic field is strongly
dependent on the sign of the detuning, as shown in Figs. 4-6
for RDD interactions. The curves for vdW interactions are
not shown as they display the same qualitative features. For
positive detunings (sign opposite to that of the energy shift
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0
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/"ab/"l:

FIG. 4. (Color online) The ¢ component of the dimensionless
magnetic field B}, / By as a function of the interatomic distance r;, /7,
for different values of the detuning and RDD interactions. (From
bottom to top) &/|R2| = —3,—2,—1,0,1. (Inset) Largest value of
the artificial magnetic field given by the minimum value of its ¢
component as a function of the dimensionless detuning §/|€2|.

hV), the overall magnetic field amplitude decreases whereas
for negative detunings it increases as compared to the zero
detuning case. A series expansion of Eq. (29) inserted into
Eq. (31) shows that for large negative detunings (§ < 0 with
|6/€2| > 1), the peak height of the dimensionless magnetic
field Bl /By scales linearly with the dimensionless detuning

8/1K2| according to B} . /By ~ B'8/|Q| with B! = 3/(4/2)
for RDD interactions and 8' = 3/(2+/2) for vdW interactions.
Given Egs. (20) and (37), it follows that |Br}m| scales like
|814/3/1Q| for RDD interactions and like |8|7/°/|S2| for vdW
interactions. This behavior is illustrated in the inset of Fig. 4.
The position of the magnetic field peak appears around
rab = F¢ as in the zero detuning case, which corresponds to the

8 T
6 | i
1400 T ]
B,
ay 4| Bl 900 | E
By By
400 | i
2+ —100 L L E
—20 —10 0 10
0/19]
. J K ,
0 1 2 3
T‘Gb/’f‘c

FIG. 5. (Color online) The ¢ component of the dimensionless
magnetic field B} / By as a function of the interatomic distance r,/r.
for different values of the detuning and RDD interactions. (From
top to bottom) 8/|Q2] = —3,—2,—1,0,1. (Inset) Largest value of
the artificial magnetic field given by the maximum value of its ¢
component as a function of the dimensionless detuning §/|€2|.
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FIG. 6. (Color online) The ¢ component of the dimensionless
magnetic field B, /By as a function of the interatomic distance r,;/r.
for different values of the detuning and RDD interactions. (From
top to bottom) 6/|Q2] = —3,—2,—1,0,1. (Inset) Largest value of
the artificial magnetic field given by the minimum value of its ¢
component as a function of the dimensionless detuning §/|2|.

distance where atom-atom and atom-field interaction energies
are equal.

The magnetic field B displays a single peak around r,, =
yT r., as Fig. 5 shows. For large negative detunings, its inten-
sity scales quadratically with 6/|€2| according to B;’ max/ Bo &
B (8/12)* with y* =213 20.79, g+ = 372 for RDD
interactions (see inset of Fig. 5), and yt = 27176 2 (.89,
B+ = 63/2 for vdW interactions. As regards B_, it displays
both a maximum and a minimum (see Fig. 6). For large
negative detunings, the minimum occurs around 74, = Vi, e
and scales quadratically with the detuning, i.e., B, . /By ~

—Bioin (8/192% with i, =273~ 0.79, By, = 3v2 for

RDD interactions (see inset of Fig. 6), and y. =216~

0.89, B, = 6+/2 for vdW interactions. In the same limit,

the maximum occurs around r,, ~ r., and scales linearly

with the detuning according to B, ../ Bo ~ — B 4/1€2| for

8/1€2] > 1 with B, = 3/(4+/2) for RDD interactions and
— = 3/(2+/2) for vdW interactions.

The location of the intensity peaks displayed by the
magnetic field in the regime of large detunings can be related
to transitions between bare states. For negative detunings
large compared to the Rabi frequency, transitions between
bare states are highly inhibited. However, at small interatomic
distances, dipole-dipole interactions give rise to an energy
shift of the doubly excited state which can compensate the
energy mismatch stemming from the detuning. When the
two-photon antiblockade condition 2w + 7V = 2hwy is met,
the |gg) <> |ee) transition is on resonance. Similarly, the
|[{y1) <> |ee) transition becomes resonant when the single-
photon antiblockade conditionzw + 7V = hw holds [34,35].
In terms of interatomic distances, the two-photon condition
reads ry, = +/1C31/(28) = re/ A/(28) for RDD interactions
and g, = J1Ce|/(28) = re/ A/(268) for vdW interactions. For
large values of the detuning, A = |§| such that the condition
becomes r,, X rc./«3/§ ~ 0.79r. (RDD) and r,, ~ rc/{’/i ~
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0.89r. (vdW). Likewise, the single-photon antiblockade con-
dition reads r,, =~ r, for both types of interactions. The
distances corresponding to these antiblockade conditions
coincide with the locations where the magnetic fields are found
to be the most intense. This can be understood as follows.
Equations (17) and (30) show that large artificial magnetic
fields appear where the eigenstates present strong nonuniform
spatial variations. This is not the case in the presence of large
detunings because transitions between the bare states |gg),
|[Y/4), and |ee) are then highly inhibited. However, some of
these transitions are enabled at interatomic distances where the
antiblockade conditions are met. This is only possible when the
detuning and the energy shift 7V have the same sign. In this
case (negative detunings), the eigenstates display important
spatial variations which lead to large artificial magnetic fields,
whereas in the absence of antiblockade (positive detunings)
the spatial variation of the eigenstates, and thus the magnetic
fields, are small (see insets of Figs. 4-6). Indeed, in the case
of B"l, the location of the intensity peak (7., = r.) satisfies
to the single-photon antiblockade condition. As regards the
corresponding eigenstate |x;), it coincides nearly with |y} )
at small interatomic distances, turns into a superposition of
|Y4) and |ee) around r,, & r., and coincides nearly with
lee) at larger distances. The same observation holds for the
artificial magnetic field B, which displays a maximum of
intensity around 7., ~ 7. /\3/5 (RDD) or ry, =~ 1, /(’/E (vdW)
satisfying the two-photon antiblockade condition. In this case,
| x+) reduces to |ee) for r,, < r. and to |gg) for ryp > 1.
When the two-photon antiblockade condition is met, |x4)
becomes an equally weighted superposition of |ee) and |gg).
As for the artificial magnetic field B, the two antiblockade
conditions are successively met as the interatomic distance
grows because the associated eigenstate coincides with |gg) for
rap <K 1. The first (second) maximum of intensity corresponds
to the two-photon (single-photon) antiblockade condition.
At interatomic distances in between the two maxima, |x_)
coincides nearly with |ee), and at large distances with |y ).
At the locations of the maxima, |x_) is a superposition of the
two states involved in the antiblockade mechanism.

This mechanism also allows one to understand qualitatively
the width of the intensity peaks in the artificial magnetic fields.
Indeed, the larger the detuning, the smaller the crossover
distance r. and the more important the spatial variations of
the dipole shift 7V around r,, = r.. Therefore, the interval
of distances where the dipole shift and the detuning coun-
terbalance to allow significant transitions between bare states
becomes narrower as the detuning increases.

A similar line of reasoning can be pursued to explain the
cause of the magnetic field peaks and their location (7., ~ 7.)
when the system is at resonance (6 = 0). Indeed, at small
interatomic distances, the dipole blockade effect prevents the
system from populating the doubly excited state, which as
a matter of fact do not contribute to the artificial magnetic
field. When the dipole shift is of the order of the atom-
light interaction energy, transitions between |ee) and lower
excitations states are enabled, resulting in spatial variations of
the eigenstates leading to artificial magnetic fields. At large
distances, the atoms can be considered as independent and the
magnetic fields vanish.
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E. Experimental considerations

In this section, we give an estimation of the attainable
artificial magnetic field strengths in the RDD and vdW
regimes in view of recent experiments. Moreover, we show
that the artificial gauge potentials could be detected through
the deflection of the atomic motion caused by the artificial
Lorentz force. To verify our theoretical predictions, similar
experimental setups as those designed by Gaétan er al.
[30] (RDD regime) or Béguin et al. [27] (vdW regime)
could be considered. In those experiments, two 3’Rb atoms
with residual temperature 7 =~ 50 uK (vims & 12 cm/s) are
trapped in two optical tweezers with a beam waist w &~ 1 um.
The atoms are laser excited to Rydberg states with high
principal quantum number (n = 53,62,82 in Ref. [27] and
n = 58 in Ref. [30]) characterized by a radiative lifetime
7 ranging from 200 to 500 us. Depending on the principal
quantum number, either the RDD or the vdW regime can be
reached.

Let us now consider that one atom is kept at a fixed position
in space and a second atom is sent towards the first one, e.g.,
by means of an optical conveyor belt [36]. The results of the
preceding sections show that the moving atom will experience
artificial gauge fields as a result of its joint interaction with
the trapped atom and the laser field. As a consequence, its
trajectory will be modified by the action of the artificial Lorentz
force. In the RDD regime, we consider |Q2|/27 = 6.5 MHz,
Az =296 nm [37], and C3/27 = 3200 MHz um® as in
Ref. [30]. In this case, the crossover distance at zero detuning is
r. &~ 8 um and the characteristic magnetic field strength By ~
2 mT for a particle with electric charge equal to the elementary
charge. In the vdW regime, we base our estimation on Ref. [27]
in which the single-atom Rabi frequency |2| /27 can be varied
in the range from 500 kHz to 5 MHz, and |Cg| can be
varied from 10 to 10000 GHz um® by changing the principal
quantum number n of the atomic Rydberg state. In this case,
the crossover distance at zero detuning can be tuned from
re &2 3.5 um to r. & 16 um and the characteristic magnetic
field strength from By =~ 4 mT to By =~ 0.8 mT. Note that in
both regimes the crossover distance is much larger than the
waist of the tweezers.

For an initial velocity of 10 cm/s in the xy plane and
an impact parameter equal to r. &~ 8 um, a semiclassical
calculation predicts a deflection of the atomic trajectory in the
z direction (laser propagation direction) of the order of 1 um
for a traveled distance equal to 2r, in the xy plane. For such
a velocity, the adiabatic approximation is still valid to about
99% [12] and it takes a time equal to 160 us < t to travel
a distance 2r., during which spontaneous emission can be
neglected to a good approximation. This approximation holds
even better if we consider that the system follows adiabatically
the internal state | ) corresponding to the two atoms in their
ground state at large interatomic distances with respect to r..
In this situation, the Rydberg states are populated only during
a small time in comparison with their radiative lifetime 7.
Larger (smaller) initial velocities would lead to smaller (larger)
deflections. The main experimental challenge is thus to control
the atomic velocity with sufficient precision to avoid a drift
due to an initial velocity in the z direction that would mask the
deflection due to the artificial Lorentz force.
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IV. CONCLUSION

We have shown that dipole-dipole interactions between
Rydberg atoms submitted to a uniform laser field give rise
to nonuniform artificial Abelian gauge potentials. We have
obtained general analytical expressions for the latter, as
well as approximate expressions in the dipole blockade and
weak interaction regimes. We have identified the mechanism
responsible for the artificial gauge fields and have shown
that they are the strongest when atom-atom and atom-field
interaction energies are of the same order of magnitude. Note
that a similar feature has been observed experimentally in the
population dynamics of a pair of interacting Rydberg atoms
[27]. We have discussed the differences and similarities of
artificial gauge fields originating from resonant dipole-dipole
and van der Waals interactions. We have estimated on the basis
of recent experiments the attainable artificial magnetic field to
afew mT extending over a distance range of a few micrometers.
Finally, we have shown that these fields lead under realistic
conditions to a deflection of the atomic motion of the order of
1 pum, measurable with current imaging techniques [38].
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APPENDIX A: ARTIFICIAL GAUGE FIELDS IN THE
CENTER-OF-MASS REFERENCE FRAME

In this Appendix, we give the expressions of the artificial
electromagnetic potentials induced by dipole-dipole inter-
actions between two Rydberg atoms in the center-of-mass
reference frame. This is the most natural reference frame
in view of the interaction potential which only depends on
the relative coordinate. We first recall the center-of-mass
coordinates,

myr, + mpry,

=—, r=r,—T"p, Al
my, + my, a b ( )
and their conjugate momenta,
m —m
P=p,+p. p= e P (ag)

mgy + my

where m,, ry, and p, are, respectively, the mass, the position,
and the momentum of atom o« = a,b. The total mass of
the system is M = m, + m; and the reduced mass is pu =
mgmy,/(m, + my). In the center-of-mass reference frame, the
full Hamiltonian takes the form,

H P + L +U ) @I+ 1% @ Ay 4(R,r), (A3)
=\ 55 P — ,I),
2M 2/1/ ab ab d—d

where f’:hVR/i and p=hV,/i in the position repre-
sentation, and with Hy_q(R,r) given by Eq. (19) but now
expressed in terms of the center-of-mass coordinates (Al).
The eigenstates of Fld_d(R,r) are still given by Eq. (26) and,
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following the same procedure as in Sec. II, we obtain
m bAZ — maAz

A+ AL pra—
a

AR(r) = AL(r) = (A4)
The resulting artificial vector potentials have the same form
as the relations (A2) between the center of mass and relative
momenta, and the momenta of atoms a and b. This fully agrees
with the reformulation of the artificial vector potentials as
the expectation values of the momentum operator evaluated
in the atomic internal states as presented in Sec. II. In the
center-of-mass reference frame, the scalar potentials are given

by

A h2k2
o) = Y NINF[EE}0PIQF + FiF )] 5t
J#i
i 2 512]:1'2 2 ’ F E 2.2
o) = N2 =5+ Y ONGI(EECT + CRFF) [k
J#i
2 21,2
mp — Mg 202221012 2| | kL
+< - ) gEmQ| +ﬁf,)]] o
(A5)

where C5 =R*|QI> +26€;, C =R*|Q1> +2FF), i,j =
1,£ and where the prime denotes a derivative with respect
to r. They correspond to (Af’z)xi/ZM and (Af)z)xi/Zu,
respectively, and are thus determined by the variance of center
of mass and relative momenta in the two-atom internal state
|xi) [see Eq. (26)].

Expressions (A4) and (A5) show that the potentials in the
center-of-mass reference frame are simply connected to those
in the laboratory frame. Moreover, when one atom is kept at a
fixed position in space and another atom is traveling around it,
the vector potential for the relative coordinate reduces to the
one for the moving atom in the laboratory frame.

APPENDIX B: DERIVATION OF AN EFFECTIVE
HAMILTONIAN IN THE DIPOLE BLOCKADE REGIME

In this Appendix, we derive an effective Hamiltonian
describing the internal dynamics of two interacting Rydberg
atoms in the dipole blockade regime. We also determine its
eigenvalues and eigenvectors. For this purpose, we eliminate
the doubly excited state |ee) from Hamiltonian (22) following
a method recently proposed by Paulisch et al. [39]. For the
effective Hamiltonian to be valid in the largest possible range,
we add, beforehand, a constant term C ﬁ;“g to Hy_q. This
term does obviously not affect the dynamics of the system
but leads to a different effective Hamiltonian. Following [39],
C is chosen so as to satisfy the condition Tr(I:I "+ C ﬂ3) =0
where H’ is the restriction of Hy_q4 to the subspace spanned by
{Iv=),1¥+),1gg)} and 15 the identity operator in this subspace.
A straightforward calculation shows that C = —h§/3. We now
eliminate the state |ee) from Hamiltonian A} ;= Hy_q —

(rs/ 3)]1”lt by first writing the internal states of the two-atom
system in the form,

[ (1)) = ce(t)lee) + co (D) y) + c—(DIY-) + cg(1)|88)-
(BI)
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Inserting this expression into the time-dependent
Schrodinger’s equation, we obtain the set of equations:

Q.
iée=Ace+ —=e*ttm e, (B2)
.. ) Q.
1cy = —5 cy + ﬁCg + Ee ki (Fatrs) Ce, (B3)
)
o= -2 B4
ic 3¢ (B4)
R B - (B5)
[Cg = —cCyg+ —=cCq,
s 3t a T

where a dot denotes a time derivative and A =V — 44/3.
Solving Eq. (B2) for c.(t), we get

t

ce(t)——— e IA=QetkL ) e (1dr . (B6)

V2 Jo
In the Markov approximation, memory effects are neglected,
which amounts to taking the coefficient ¢y (z’) out of
the integral. This approximation is valid as long as A =
82 + |Q|> < |V| and implies that ¢;(t) (i # e) oscillates
slowly in comparison to exp(—i V). In this case, c.(¢) takes
the simple form,

— M (1), (B7)

V2A

Inserting this expression into Eq. (B3), we readily deduce from
the equations of motion (B3)—(B5) the effective Hamiltonian,

c.(t) =

N h
A5ty = 3 OF + Ol (Y4

hd
+ ?(ZIgg)(ggl — ) {¥-D
+ (BW X |+Hc) (B8)
\/5 +/188 S E

where T' = |Q2|?/2A. The state [1/_) = |xo) remains eigen-
state of the effective Hamiltonian, but with energy Ey =
—hé/3. The two other eigenstates are

IxSTy = Ne[(—(T +8) F V(T +8)2 +2|Q2)|v¥4)
+/29% |gg)l, (BY)

with eigenvalues,

. h
E$f=8[5—31“:p3 (' +6) 42271,  (B10)

Similarly to Egs. (17) and (18) of Sec. II, the artificial gauge

potentials are given by

Asz,i(ra) lh(XEff|Vra eff)7

s 9+ ol e 2

(B11)

B (ry) =

After some algebra, we arrive at Eq. (33). When the signs of
the detuning (§) and the interatomic potential (V') are changed
simultaneously, EST — —EfF‘f, and AT+ — ACHF,
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