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Abstract

We study the tunnelling of a two-level atom in a double well potential while the atom is
coupled to a single electromagnetic field mode of a cavity. The coupling between internal and
external degrees of freedom, due to the mechanical effect on the atom from photon emission
into the cavity mode, can dramatically change the tunnelling behaviour. We predict that in
general the tunnelling process becomes quasiperiodic. In a certain regime of parameters a
collapse and revival of the tunnelling occurs. Accessing the internal degrees of freedom of the
atom with a laser allows us to coherently manipulate the atom position, and in particular to

prepare the atom in one of the two wells.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

The tunnelling effect is considered one of the hallmarks of
quantum mechanical behaviour. Historically, tunnelling was
first examined for single particles (e.g. o particles [1], electrons
in field emission [2] and later in mesoscopic circuits [3]), for
Cooper pairs [4] and for molecular groups [5-7]. Recently
the tunnelling of atoms has attracted substantial attention
[§-11]. Dynamical (chaos assisted) tunnelling of ultracold
atoms between different islands of stability in phase space was
analysed in [12, 13] and has been observed experimentally
[14, 15]. The resonantly enhanced tunnelling of atoms
between wells of a tilted optical lattice has also been observed
very recently [16]. In all of these examples, the atoms have
been considered internally as inert, and only the centre-of-mass
coordinate of the atom was of interest. In [17] it was shown
that by taking into account the internal degrees of freedom of
atoms, an atom/optical double well potential could be created
in which tunnelling atoms see their internal and external states
correlated (such an effect is also known from other contexts
[18]). Mechanical effects of light in optical resonators were
also investigated in [19], but no tunnelling was considered.
Here we show that the tunnelling effect can be drastically
modified if an internal transition of the atom is coupled to
a single electromagnetic mode in a cavity, such that photon
emission is a reversible and coherent process. The resulting
Rabi oscillations between states with the excitation in the atom
and states with a photon in the cavity modulate the periodic
tunnelling motion. Depending on the frequencies involved, a
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rich quasi-periodic behaviour can result. If the cavity is fed
with a coherent state, collapse and revival of the tunnelling
effect can occur. Moreover, we show that one may profit
from access to the internal degrees of freedom of the atom
(e.g. with a laser) to control the atomic motion in the external
potential.

2. Model

2.1. Derivation of the Hamiltonian

Consider a trapped two-level atom (with levels |g), |e) of
energy Fhwy/2 respectively) interacting with a standing wave
(with wave number k and frequency w) inside a cavity as
illustrated in figure 1. The atom is assumed to be bound
in the y—z plane at the equilibrium position y = z = 0
and to experience a symmetric double well potential V (x)
along the x direction. We denote by A the tunnel splitting,
i.e. the energy spacing between the two lowest energy states
(the symmetric |—) and antisymmetric |+) states) of this double
well potential. Below we also allow the trapped atom to
interact resonantly with an external laser. The Hamiltonian
of this system is given by

H = Hp + Hg + Hap, (1)

where Ha = H{* + HI is the Hamiltonian of the trapped
atom, Hf is the Hamiltonian of the free field and Har is the
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Figure 1. Two-level atom in a double well potential interacting with a standing wave inside a cavity.

interaction Hamiltonian describing the atom—field interaction.
We have

2
Di . hwy
HXX — ﬂ + V(x), HXl = ngln’ (2)
Hp = hwa'a, Har = —d-E, 3)
where d denotes the atomic dipole,
E = E e(a +a') sin(k(x — xo)) “)
is the electric field operator, with E,, = 2)—“"/, where € is

the permittivity of free space, V the electromagnetic mode
volume, x, the abscissa at the left cavity mirror (x9 < 0), and
e the electric field polarization vector. We have introduced
the operators o," (resp. o) for i = x,y,z as the Pauli
spin operators in the basis {|e), |g)} (resp. {|+), |—)}). The
operator x stands for the centre-of-mass position of the atom,
Px 1s the conjugate momentum along the x-axis, m denotes the
atomic mass and a(a') the annihilation (creation) operator of
the cavity radiation field.

We adopt the two-level approximation which consists
of taking into account only the two lowest motional energy
states. This requires the double-well separation to be much
smaller than the wavelength of the cavity mode, and the Rabi
frequency /4g% + 8% (with § = w — wy the detuning between
the cavity field and the atomic transition frequencies) to be
much smaller than the frequency gap A between the upper
motional states and the ground-state doublet (see figure 1).
Within this approximation, Hamiltonian H* becomes

nA
HY = o ®
and the position operator takes the form x = %af" withb/2 =
(+]x|—). We can form states that are mainly concentrated in
the left/right wells,

|L) = (1+) = |-)/V2, IR) = (|+) +|-)/V2.  (6)
The average position of a particle localized in the right well is
then given by b/2 (see figure 1) and o* = |R){(R| — |L){L|.
The interaction Hamiltonian Har can then be written
Hap = —hg(a +a")[sin x coska" — cos x sinko o]

(N
with the atom—field coupling strength g = —(e|d|g) - €E,/h,
and

X = kxo, k =kb/2. 8)

For long wavelengths (k < 1), or « = nm with integer n, the
left and right sites of the double well are indistinguishable
to the cavity photon and Hap reduces to Jaynes—
Cummings Hamiltonian without rotating wave approximation
(with a sine varying coupling constant), —hg sin x (a + aT)ajC".
Note that ¥ < 1 would normally be identified with the Lamb-
Dicke regime. Here the situation is more subtle as the level
spacings between the tunnelling split ground-state doublet and
the next excited states can be very different such that the recoil
energy Nrecoil satisfies A < Wrecoil K A. One may thus be
in the Lamb-Dicke regime concerning transitions to higher
vibrational states but have a significant mechanical effect on
the atomic tunnelling. Furthermore, since there is only one
photon mode, the recoil energy cannot vary continuously and
exciting higher vibrational levels requires wrecoi close to a
level spacing. Our numerical calculations show that even for
k ~ 1 the two-level approximation can still work very well
(see figure 4).

For §, A < w,wy, a rotating wave approximation
is justified, which consists in eliminating the energy
non-conserving terms ao*o" and afo*ol® with o' =
le) (gl o™ = o™ and 0 = |+)(—|, 0% = 0. Within
this approximation, the total Hamiltonian reads

ha)()
2 ¢ 2
x [ cos x sinko ™ — sin x cos k1. 9)

H=—oc%+ azi“ +hwata +hg(aai“ +a ai_n)

Thus, depending on the parameters x and «, the cavity
photon may induce internal transitions in the atom only
(cos x sink = 0), or induce transitions between internal and
external states at the same time (cos x sink # 0) even for a
vanishing detuning (§ = w — wp = 0). This is in contrast
to conventional sideband transitions of harmonically bound
atoms or ions in the Lamb-Dicke regime which require an
appropriate value of the detuning. For a fixed potential centre
(and thus fixed x), « can be changed through a modulation of
the well-to-well separation b. We will neglect in the following
the effects of decoherence, which means that not only g but
also A should be much larger than the rate of spontaneous
emission I', and the cavity decay rate k.. The effects of the
decoherence of an atom tunnelling in a double well potential
but without cavity and thus coupling to the full 3D continuum
of electromagnetic modes was studied in [20].

We denote the global state of the atom—field system by
|n,i, j) = |n) ® i) ®|j) where |n) stands for the cavity field
eigenstates, |i) € {|—), |+)} for the external motional states,
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and |j) € {|g), |e)} for the internal states. The total excitation
number N is given by a’a + oo™,

2.2. Energy levels

The states |0, &, g) are eigenstates of H with eigenvalue
(=hwy £ hA)/2, ie. these states remain uncoupled and
represent the two lowest energy states in the regime 4,
A L w, wy. Itis straightforward to verify that the Hamiltonian
(9) only induces transitions between states with the same
number of excitations N,{|N — 1,+,¢),|N,+,g),|N —
1,—,e),IN,—, g)} = {I1),12),13),14)}. It is therefore
sufficient to solve the dynamics in this subspace. In doing
so, we obtain the eigenvalues of H,

e,
)Hou:(N—l/z)hw"'PT: (10)
forp,u e {£}, N =1,2,..., and with
Q1 = /2Ng2(1 — cos(2k) cos(2x)) + 8% + A2 +2Q2,
(11)

Q2 =/4Ng2cos? k sin? x (A2 + 4N g2 sin? k cos? x) + 82A2.
(12)

For a vanishing tunnel splitting (A = 0), Q. reduces to
the maximum (minimum) of the two Rabi frequencies of the
Jaynes—Cummings models in the right and left wells. For
cosk = 1, the decoupling of external and internal degrees
of freedom manifests itself also in the eigenvalues with

Qs = |V/ANg2sinZ x +62 £ Al

2.3. Evolution operator

The whole dynamics of the system can be described by means
of the evolution operator U(t) = e /" with components
Ui; = (ilU@®)|j) = Uj;, which can be calculated exactly. In
order to simplify the expressions, we restrict ourselves in the
following to x = —m/4 — 2nx (integer n). We find, up to a
an overall phase e 7{(V=1/2)r

i
Un = =55 D 1S, Q6 + (s — )2}
n==
—ip2,Q2_C,(8A — u2%),

—i«/ﬁg COS K
Up =220 S s,

V2 =
x (A2 +2Ng?sin i + uQ%) +iuQ,Q_AC,],
Ui = w D (16 S_, +inQ,.Q_C,l.
A =
Uy = “/7/‘%;“1 i ;[MQM S_.(8A +2Ng? cos? k — )]
(13)
with
&= AGB%+2Ng%cos’k — 8A), A=Q,Q Q% (14)
and where all time dependence is in the coefficients
Cy = cos(Q241/2), S+ = sin(Q41/2). (15)

The remaining components can be deduced from the relations
Uxn(8, A) = Us3(—=8, —=A) = Ugp(8, —A) = Upn(=4, A),
U6, A) = Upis(=98,A),U1408,A) = Unp(,—-A) =
Uy (=6, A) and Uz (8, A) = Uja(§, —A), valid for any y,
where we have made explicit the dependence of U;; on §
and A.

3. Internal and external dynamics

The reduced density matrix p®* for the atomic centre-of-mass
motion alone follows from p = | (¢))(¥ (¢)| by tracing out
the field and internal degrees of freedom, where the total
wavefunction at time ¢ reads | (¢)) = Z?.j:l Ui (jly(0)) 7).
The average position of the atom in the double well potential
is then given by

b b
() = 3 Trex(p™0) = 51 = 2p11) (16)
with py; = (L|p®™|L). Similarly, we obtain the reduced

density matrix p™ for the internal atomic state by tracing out
the field and external degrees of freedom, and the probability
to find the atom in the excited state as p,. = (e|p™|e).

In the following, we first focus on resonant atom—field
interaction (w = wyp) before moving to the non-resonant case
(w # wp). We distinguish three regimes according to the
tunnel splitting compared to the Rabi frequency g : the small
tunnel splitting regime (when A/g <« 1), the intermediate
regime (when A /g ~ 1), and the large tunnel splitting regime
(when A/g > 1).

3.1. Resonant atom—field interaction

For the resonant atom-field interaction (§ = 0), the
expressions for U;; can be greatly simplified. If the system is
initially prepared in the state [N — 1, R, e) and for k = 7 /4,

we have
A? .2 Quunt
PLL = W sin ( ) a7
with the tunnel frequency
Qun =1 (@, +Q), (18)

and

1Y,y (92— A?) cos(Q,1) +4A2 cos (£52=1)
e — = + .
P ) 8(Ng2 + A2)

19)

The atom position oscillates with a single frequency
Qun given by equation (18), whereas p.. evolves with
three in general incommensurable frequencies 2., 2_ and
(24 — Q_)/2 giving rise to a quasi-periodic signal.

For A/g « 1, equation (17) leads to pr;, =~ O (up
to order (A/g)?), indicating that tunnelling is suppressed.
This is already obvious from (9), as the term responsible for
tunnelling, (AA /2)0S* = (WA /2)(JR){L| + |L){R]|) becomes
very small compared to the last term, diagonal in |R), |L)
which leads to internal Rabi flopping. Note, however, that
tunnelling is suppressed on all time scales, even for r > 1/A,
due to the reduced amplitude in equation (17), very much
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Figure 2. Average position of the atom in the double well as a
function of time for A /g = 2 (blue, top curve) and A /g = 5 (red),
k = m /4 and a coherent state with @ = 5.

in contrast to tunnelling without internal degrees of freedom,
where only the period of the tunnelling motion, but not the
amplitude is affected when A is reduced. For « approaching
7, the situation changes because the term g cos x sinko™
of the interaction Hamiltonian inducing transitions between
vibrational states becomes small in comparison with A thereby
allowing tunnelling again.

Because internal and external degrees of freedom are
coupled, the tunnelling frequency (equation (18)) depends on
the number of photons inside the cavity. As an example, let us
now consider A ~ g and a cavity field initially in a coherent
state [a) = e~2l Y %m) with |a|? equal to the mean
photon number (n). Figure 2 shows that the average position
of the atom in the double well as a function of time for a
coherent state exhibits collapses and revivals. The oscillation
amplitude decreases with increasing mean photon number (n)
and decreasing tunnel splitting A (see equations (11)—(17)).
Since the probability to find the atom in the excited state
oscillates with three frequencies, no collapses and revivals
are observed for p,.

The collapse time 7. of the tunnelling motion can be
estimated from the condition [21] (Qun({n) + /(1)) —
Qun((n) — /(n)t. ~ 1 with Qu,(m) given by equation (18)
for N = m + 1, which yields, for (n) > 1,

2
o~ L (1 T it +3/4> +O(n)).
8 2(n)

The time interval between the two following revivals, ¢,,
follows from
(Qun((n)) — Qua((n) — 1)) 1, =27,
and is given for (n) > 1 by

2
;Y <1 LB/ +12 +0(<n>*2)> @
g 2(n)
For the parameters of figure 2, equation (22) yields g#, ~ 68.23
for A/g = 2 and gt, >~ 86.70 for A/g = 5. Smaller revival
times are possible for smaller values of (n), but in general

(20)

@2y
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gt
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Figure 3. Average position of the atom in the double well as a
function of time for A =8 = g,k = w/4 and N = 1. The blue
solid/red dashed curve corresponds to an excited atom initially
located in the right/left well.

the observation of revivals will be quite challenging, as they
require A ~ g >> k¢, (see section 4).

For large tunnel splitting, A/g > 1,Qun = A +
Ng?/(2A) + O((g/A)?), and equation (17) reduces to py; =~
sin?(At/2), which is identical to the tunnelling of a particle
without internal structure. Equation (19) reduces to a Rabi
oscillation p., ~ cos(v/N. gt/2).

3.2. Non-resonant atom—field interaction

For non-resonant atom—field interaction (§ # 0), and
intermediate tunnel splitting (see figure 3 for A = § =
g), (x(#)) involves in general the two non-commensurate
frequencies €2, and 2_ and varies therefore quasiperiodically
as a function of time. Figure 3 also shows that an atom initially
located in one of the two wells remains mostly confined to that
well.

For small tunnel splitting, A /g < 1 and large detuning
I8]/g > 1 (with A|§|/g*> ~ 1), the matrix elements of U
simplify to

iNg?sin 2« (S
Upz = sin [ — (23)
V82A? + N2g4sin?(2k) 2
U < Qrt > . i8A ) ( Qr )
= COS| — sm| —
? 2 V82A2 + N2g4sin2(2«) 2
(24)

up to corrections of order O(A/g) and a phase factor
ell(Ng*/8+8)=2N=Deli/2 while the components Uy, and Usz are
of order O(A/g). In this situation, the system oscillates only
between the two states |[N — 1, +,e) and [N — 1, —, ¢) with a
single frequency

_ /82A2 + N2g*sin2(2«)

Q= 5 , 25)

just as a three-level atom undergoing a Raman transition in the
far detuned regime behaves as a two-level system.
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If the system is initially in the state |N — 1, —, e¢), we have
from equations (23) and (24)

1 NS§Asin(2k)

= - — —= 1-— Qnl, 26
PLL =7 202(6/2)? [1 —cos(S2)] (26)

and p,, = 1. For a detuning § = £Ng?sin(2«)/A,
pr =5 F §1 = cos(v2A0)]. 27

This regime may be suitable for coherently manipulating
the atom position through access to its internal degrees of
freedom with a laser. Coherent manipulation of the position
of neutral atoms has been proposed and demonstrated before,
see, e.g. [22, 24]. In these examples, the manipulation is
done by modifying the external potential. The mechanism we
propose here is very different, as the potential remains totally
unchanged, and only internal transitions and the tunnelling
effect are used to move the atom in a controlled way. As an
example, we show how the atom can be prepared in the left
well starting from the ground state |0, —, g) for § = —g?/A.

We first apply a w-pulse with an external laser resonant
with the atomic transition. By using a laser with a wave vector
perpendicular to the Ox-direction, only the atomic internal
degree of freedom is affected, resulting in the transition
|0, —, g) — —i|0, —, e). We assumed that the laser Rabi
frequency Qg is much larger than the tunnel frequency A.

Now we use the coupling between the internal and external
degrees of freedom to create a superposition of the |0, &, e)
states, and then apply a second resonant 7-pulse to get back
to the uncoupled states |0, £, g). For A/g < 1,8 = —g%/A
and k = /4, the initial state transforms according to

Qrt=m

0,L,e) — |0,L,g)
(28)

up to a physically irrelevant phase. Other coherent
superpositions of |0, +, g) and |0, —, g) can be obtained by
choosing appropriate interaction times.

In order to verify that the two-level approximation for
the external motion used in the derivation of the Hamiltonian
is a good approximation, we have numerically solved the
time-dependent Schrodinger equation with Hamiltonian (1)
and rotating wave approximation but with the exact external
potential V (x) (i.e. with a large number of vibrational states).
Figure 4 shows that provided A > /4g2 + 2 as stated before,
to take only the two lowest vibrational states into account is
indeed a good approximation.

Qrt=m At=1//2
— |0, —,e) —>

|07 R g)

4. Possible experimental realization

The experimental realization of our model is certainly
challenging. For completeness of the theoretical investigation,
we have explored all possible regimes of the model for a
large variety of parameters. The regime that seems most
accessible with current technology is the regime of small
tunnel splitting A < g, which is the one most interesting
for coherent control of the atom position, but which requires
a very high quality cavity and slow spontaneous emission (as
has been demonstrated for microwave cavities [25]). Double
well potentials with tunable well-to-well separation have been

1
0.8 - g
(o]
=z 0.6 - o
- 6 S
< 04| ]
0.2 - R
0 L L L
0 5 10 15 20 25
gt

Figure 4. Density matrix elements pgg (top) and p,, (bottom) as a
function of the interaction time gt for an initially excited atom
located in the right well and for the parameters A /g ~ 0.3336,

8/g =3,k =m/4and N = 1. Numerical results from the
propagation of the time-dependent Schrodinger equation with
Hamiltonian (1) and rotating wave approximation are represented by
circles and analytical results by solid curves. The time propagation
was done with (& =m = 1) g = 0.01 and the double well potential
V(x) = 0.08x* — x? yielding a tunnel splitting A >~ 0.003336 and a

ratio A/\/4g% + 82 ~ 444 > 1.

demonstrated with optical dipole traps, e.g. in [26, 22], and
on atom chips, e.g. in [27, 28]. For our model, the double
well potential has to be realized inside the cavity. Optical
trapping and even cooling of atoms close to their ground state
inside a cavity has been achieved in several groups [29-32],
but up to our knowledge double well potentials have not been
realized in a cavity so far. Some of the cavities developed
have a very long lateral opening (up to 222 um [33]) and
should allow more complicated trapping potentials (optical
lattices intersecting a cavity have been realized in Chapman’s
group [33]). We remark that it is not essential for our model
that the double well potential be aligned with the cavity axes.
Any other orientation is possible, and only leads to modified
coefficients cos x sin and sin x cos k.

At certain ‘magical wavelengths’, Cs, Yb, Sr, Mg and Ca
atoms in optical traps experience the same potential for ground
and excited internal states coupled by a dipole transition
[29, 34-36]. In [29] a trap depth Vy/h = 47 MHz was
achieved inside an optical cavity with 1.2 mW laser power.
Typical tunnelling frequencies in such a potential are of the
order of kHz, which is far from the values go/2m = 24 MHz,
Keay/2m = 4.2 MHz, and y/2m = 2.6 MHz reported in the
same paper. Therefore both «.,, /A and y/A will have to
be reduced by three orders of magnitude, before one reaches
the regime where decoherence during the tunnelling starts to
become negligible. Note, however, that the trap frequency and
thus the tunnelling splitting are determined by the laser power
and the focusing (or the wavelength for optical lattices), and
can therefore be controlled independently of I, «.,y, such that
in principle there should be no fundamental problem achieving
this regime.
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Other possibilities which might be worthwhile
considering are ion traps (where the trapping potential can
be tailored independently of the internal degrees of freedom),
microwave cavities, or effective two-state systems resulting
from Raman transitions. The detection of the tunnelling
motion should be possible by optical imaging, i.e. diffusion of
laser light from another transition in the optical regime with
smaller wavelength than the well separation. Alternatively,
one might monitor the transmission through the cavity in the
case that it differs for the two locations of the wells [37].
Another possibility might be using the atomic spin as a position
meter [17].
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