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In a recent work, we provided a standardized and exact analytical formalism for computing in the semiclassical and

asymptotic regime, the radiation force experienced by a two-level atom interacting with any number of plane waves
with arbitrary intensities, frequencies, phases, and propagation directions [J. Opt. Soc. Am. B 35, 127 (2018)].
Here, we extend this treatment to the multilevel atom case, where degeneracy of the atomic levels is considered and
polarization of light enters into play. A matrix formalism is developed to thisaim. ~© 2021 Optical Society of America

https://doi.org/10.1364/JOSAB.433090

1. INTRODUCTION

The mechanical action of laser light on atoms led to a great
number of spectacular experiments and achievements in atomic
physics during the past decades (see, e.g., Refs. [1-8]). In the
semiclassical regime, where the atomic motion is treated classi-
cally, the resonant laser radiation produces a mechanical force on
the atomic center of mass. Recently, we provided a standardized
exact analytical treatment of the mechanical action induced by
an arbitrary set of plane waves on a two-level atom [9]. In par-
ticular, we showed that the light force always reaches a periodic
regime shortly after establishment of the interaction, and we
provided an exact yet simple expression of all related Fourier
components of the force in this regime. The mean net force
F has been shown to be expressible in all cases (coherent and

. . N ;
incoherent) intheformF=} 7>, F;, with

r s
F.=——L pk; 1
2145 ()

the force exerted by the jth plane wave in presence of all other
waves. Here, N is the number of plane waves lightening the
atom, I is the spontaneous de-excitation rate of the upper level
of the transition, 7k is the jth plane wave photon momentum,
ands =} s;, withs; a generalized saturation parameter

N
Q; o
—Rel| —2 _/m_ , 2
i e[r/z—iaj; rq’f} @

where 2; and §; are the Rabi frequency and the detuning of
plane wave j, and g, are complex numbers obtained from
the solution of an infinite system of equations [9]. In the
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low-intensity and incoherent regime, we showed that Eq. (2)
simplifies to the standard expression of the saturation parameter,
ie.,
2
=l @
2/4+6;

One then might naturally bring up the question of how this
formalism extends to the multilevel atom case, where Zeeman
sublevels and arbitrary polarization of light are considered. In
this case, a closed form of the mean net force F is only known
in specific situations. For instance, for an atom with degener-
ate ground and excited states of angular momenta /, and /,,
respectively, the stationary force exerted by a linearly polarized
plane wave is either 0 (if A/ = /, — J, = —1,0r A] =0 with
integer /,) or reads

_F s
T 2b+s

F hk, 4)
with hk the plane wave photon momentum, s the standard
saturation parameter [Eq. (3)], and 4 a parameter depending on
J¢ and /, [10]. Other specific cases have also been studied in the
linLlin and 0 *-0~ configurations [11-14]. However, no exact
analytical extension of Eq. (4) is known for general atomic and
laser configurations. In practice, purely numerical approaches
are enforced in this case (see, e.g., Refs. [15-23]).

Here, we extend the formalism developed in Ref. [9] to the
multilevel atom case, and we show that an exact analytical
expression of the mechanical force exerted by a set of plane
waves with arbitrary intrinsic properties (intensity, phase,
frequency, polarization, and propagation direction) can be
similarly obtained after a transient regime. A matrix formalism
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is developed to this aim. The paper is organized as follows. In
Section 2, the generalized optical Bloch equation (OBE) formal-
ism is developed, and we extract the sought exact expression of
the radiation pressure force in the most general configuration.
In Section 3, specific regimes where interesting simplifications
occur are investigated, and we draw conclusions in Section 4.
Finally, two appendices close this paper, where we detail the
effect of a reference frame rotation on the OBEs (Appendix A)
and explicit values of specific matrices are given (Appendix B).

2. MODEL AND RADIATION PRESSURE FORCE
A. Hamiltonian and Master Equation

We consider a single atom with two degenerate levels of energy
E,=hw, and E, =hw, (E, > E,), and of total angular
momenta /, and J,, respectively. The Zeeman sublevels
are denoted |/, m.) and |/,, m,). We consider an electric
dipole transition (AJ =], — J, €{0, £1}) with angular
frequency @, — @, = w,,. The atom interacts with a classical
electromagnetic field E(r, ¢), resulting from the superposition
of N arbitrary plane waves, E(r, t) = Zjvzl E;(r, r), with
E;(r, 1) = (E;/2)e’@i" %™} 4 c.c. Here, 0}, kj, and ¢;
are the angular frequency, the wave vector, and the phase of
the jth plane wave, respectively, and E; = E ;e ;, with £; > 0
and €; = Z €;.4¢’ the normalized polarlzatlon vector of the
correspondmg wave written in the upper-index spherical basis
{e7, 4 =0, £1} [24]. Nonzero e] 0 and €; +; components
correspond to so-called 7 and o polarization components of
radiation, respectively. Accordingly, the vectors €, e*! are also
denoted by 7, 6%, respectively. As in our analysis of the two-
level case [9], the quasi-resonance condition is fulfilled for each
plane wave (18| < @, Vj, where §; = w; — w,, is the detun-
ing). We also define a weighted mean frequency 0 =}, kjo;
of the plane waves together with a weighted mean detumng
§= Z] Kj8;=® — w.q, with {k;} an a priori arbitrary set of
weighting factors (k; > Oand ) k; =1).

The time evolution of the atomic density operator / is
governed by the standard master equation [25]

0= (A0, h0]+DGE  ©
inwhich A(#) = ho, 13‘, + hw, P, — D - E(r, #) and
§)p(er-87).

) 4T Z (eq*
(6)

Here, Po=3,, |Jiomi)(Jemil (k=e.g), D is the

atomic electric dipole operator, r is the atom position in the

D@ =—T/2) (P +5

At
electric field, and the S operators are defined according to
-8 1/ mg) = CO\ ], mg+ ), -8 | J., m) =0, and

7.8 = (e .§+)T,With
CO = (Jg.m: 1. gl es m+4q). (7)

where (j1, m1; j2, m2z|j, m) is the Clebsch—Gordan coefficient
corresponding to the coupling of |, 71) and |2, m3) into
|7, m).
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B. Optical Bloch Equations

All matrix elements p(j, my),(jy.mp = (S melplJ1, mi) (k, [ =
e, g) are dependent variables due to hermiticity and unit trace of
p. We consider here the column vector of real and independent
variables x = (xoT, xé,T V7, with x, a column vector of optical
coherences and x; = (x; xg) T where X, is a column vector of
populations and x 7 a column vector of Zeeman coherences. We

defined

(Am)
uo,m(fAm)
(Am)
X”(_(]f+]g)) vo,mEArn)
X, = . with xf)Am) = ,
- (am)
X{g] e) U pam
(Am)
o,m(+Am)
] @)
where (A"’) Re(,o(/g m), o m-+Am)€ —iory  and véémm) =
I A A
Im(p(]g,m)’(/e!m_FAm)e lwt), with m= Wl( m) N ng_ ™)
m" =+ min(/,, J, + AJ F Am), and Am =
_(]e+]g)v ~v]e+T]g'T -
We definedx, = (x;, , ng) ,with(k=e¢, g)
w/e,—]/ﬁ—ﬁkg
Xpp = ) 9)
We, J;

where Wehomp = PJpmp),(Jpomp) — NJ_I, with mp = _]lg +
Bteugs - , Jr-and Ny =2(/, +/J,+ 1.
We finally definedxz = (xg, x‘gg)T, with (k=e, g)

(Am)
=/
e (A’e vt
Zp VZe—Tk
X, — . ih x@7 — . 10
Z, = . s Wit XZk = . 5 ( )
(2//e) (Am)
Xz, (Z/e S
UZ/Z ]/e Am
A A
where u(ZkTZ;k =Re(0(j4,mp).(Jp.mp+am))  and U(Zk”:rfk =

Mo, mp), Jpompram))s  with — mp=—Jp, ..., Jo — Am,

andAm=1,...,2];.

In the standard rotating wave approximation, the time evo-
lution of the independent internal degrees of freedom x directly
results from master Eq. (5) and can be written in the form of
generalized optical Bloch equations

%x@ — A(Wx() +b, (1)

with A(¢z) and b a square matrix and a column vector,
respectively, as detailed hereafter.

1. A(t) Matrix
The A(#) matrix reads

A@) =—-T'Ao+1Im (R() - ec) , (12)
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where Ay is a time-independent matrix with scalar entries
(independent of any reference frame) detailed hereaft_er, Q1) =
YR0=3,Q,®e, with ;@) = Qe @i,
where

_Ejei(’kf"+wf) (/D[ J¢)*

7= S T

in which (/. [|D||/,) denotes the so-called reduced matrix ele-

ment associated to D, and e is the (unnormalized) basis vector
of matrices ec = Y _ e @e,, with contravariant components
CD as described hereafter and where e, =¢e"" (g =0,=£1)are
the lower-index spherical basis vectors (e is said a basis vector in
that it rotates similarly with the spherical basis in case of a basis
change, so that (¢) -ec =), 2, (£)C?P does nor define a
matrix of scalars; see Appendix A).

The Ay matrix reads Ay = diag(A4,,, Azz), with matrix
blocks A,, = @“m*)/2A(1/2) and Ags = diag(A,,, Azz),
where

A@):(a/zr _‘ZF), VseC,  (14)

and A;; (¢ = p, Z) are blocks of dimension dim x, x dimx,,
themselves structured into subblocks according to

1 0
dee=( Lo ) (15)
¢ (Azgce (U
with, for any symbol &, 1, [0,] the identity [zero] matrix
of dimension dimx, x dimx,. The Apepe subblock
is of dimension dim Xy, X dimx,, and of elements

(ApgpImeme = —(Co "2, with my = —J1+ 8t .., Ji
(k=e, g) [here and throughout the paper, we adopt the con-
vention not to index the matrix elements from (1, 1) but with
indices directly linked to the magnetic sublevels]. The A 27,
subblock is of dimension dim xz, x dimxz, and is itself struc-
tured into vertically and horizontally ordered subsubblocks

(Amg,Ame) . . . (Amg) . (Am,)
27, of dimension dim Xz, X dim Xz,

. with
respective indices Amg=1,...,2/, and Am,=1,...,2/,.
The only a priori nonzero of these subsubblocks are for
Amg = Am, = Am, of elements A(Zi"Z:Am) = A(Zig;Am) ®1,,
. S (Am,A (me—myg) H(me—mg)
with (A;gz m))mgme = —C,,Z e CmZ+Am,§ , where
mp=—Jp ..., o — Am (k=e, g).
The C? matrices read

0 c? o1, —i)T
CcD = c ' 0& ( ) ’ (16)
g0 @ (1, —1) 0

T T

with C¥'=(C%.C%) and C§Z>=(C;i)r, c T)T,
where  Cif'=(CY), C)),  C¥W =¥, cw, )T,
T T
CY=(C9.CY) and Cf)=(CP,", P, )T, The
C,f?,),e, C](,qk),,, quz)k, and C(qu)o (k=e, g) blocks exclusively
contain Clebsch—Gordan coefficients and are detailed
below. In addition, for ¢ =&, p., pg. p, Zes Z4, Z, the
Co(? [C;Z)] blocks are of dimensions (dimx,/2) x dimx;
[dimx, x (dimx,/2)].
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In accordance with Eq. (8), the C,%,)k blocks are struc-
tured into vertically ordered subblocks indexed with
Am=—Js+]), ... [+ ] and  of  dimension
(dim x{A"/2) x dim x,,. The only a priori nonzero of these

subblocks is for Am =g, and we denote it by 615% Its ele-

ments  read  (Col)momg = Cnt’ B, + WS mgmingg) /25

with 7, =38, and 7, =2n;, — 1, where m = m(_q), e, mg?)
- _ (q)
and mp = —J¢ + kg, ..., Jr. In a same way, the C};}, blocks

are structured into horizontally ordered subblocks indexed
with Am=—(J;+/].),.... J; +J. and of dimensions
dimx,, x (dimxf)Am) /2). Again, the only a priori nonzero
of these subblocks is for Am =g, and it is denoted by C;,i),,.

Its elements read (6';,?,, mpm = —ﬁkcf,?)am,mk_w, where
mp=—Jk+ Sy, ...,]/eandmzm(_q), e mgf]).

. (9) ()T (9) (9)

FlnallY’ CZq/eo = _Cquk and Cquk = Ze:il Cqu/e,e ®
(1, €7), where, in accordance with Egs. (8) and (10), quz)k,s is
structured into vertically and horizontally ordered subblocks,
with  respective indices Am=—(J,+ /o), ... Jg + J.
and Am;=1,...,2];. These subblocks are of dimen-
sions (dimx{*"/2) x (dim x(ZAkmk)/Z). The only a priori
nonzeros of them are for Am —€Am; =gq, and they are

C“-(q)(Amk) >(q)(Amy)

denoted by T - Their elements read (Cz)Z/e,e Yom,my =

~ (@)
(n/e/z)cm_g(nk_1)Amk5m/e,m+nkq—(1—e)Amk/2) where
m=m", ..., mS_Am) andm, =—J4, ..., Js — Amy.

2. b Column Vector

With the convention of using a ¢ index to denote a dim x; col-
umn vector, the b column vector reads b = -I'N, ! (boT, bgT ),
with b, =0 and bg = Agzuz. Here, uz = (uPT, ug) T with
uz=0and u, = (u;, uZ)T, where u,, =0, and u,, is a
column vector only composed of 1.

C. Periodic Regime

The OBEs [Eq. (11)] cannot be solved analytically and
require numerical integration in the most general case.
However, within the commensurability assumption (all
w; — @ commensurable), the () and A(#) quantities are
periodic in time with the repetition period 7; =2w/w,,
where @, = (LCM[(w; —@) ", Vj:w; #®])"!, and all
mj=(w; — ®)/w, numbers are integer numbers. In this case,
the OBEsadmitinall circumstances a 7;-periodic solution since
x(#) is bounded [26,27]. This solution is unique if the real parts
A of the Floquet exponents are all strictly negative, in which case
the system necessarily converges to it (and reaches a so-called
periodic regime) from any initial state x(#) after a transient of
characteristic time |A,,| !, with A,, the greatest A [26]. For two-
level atoms, —I" <A < —I"/2, and the transient characteristic
time remains limited to at most 2I' ! [9]. This is not the case
anymore for multilevel atoms where greater damping times can
be observed. It might even happen that A =0, in which case
several 7;-periodic solutions might exist (the Floquet exponents
must be computed numerically, and we only observed A =0
in specific configurations with AJ = —1). The case A >0
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can never happen, since this would correspond to unphysical
unbounded x(z).
Any T;-periodic solution x(#) can be expanded according to

+00
x(t)= Y x"e", (17)
=—00

. The variable x(#) is real,
continuous, and d1fferent1able, so that x(™” =x™* and
Y, x" 2 <oo. For (=0,& p,Z, pe, pgs Zes Zyg» We
denote by xé") the Fourier components related to the periodic
variable x, (#). Inserting Eq. (17) into (11) yields the infinite
system of equations

with Fourier components X

(n) _ g(n) H()*
x"=A" (Cas

2, L) @ Qj, Xgnfm])> v,
q.j

r = T

(18)
with Q, =€, AW = —2iT20 T Lgimx, 12 ®
A(—inw,/T —1/2), and Cﬁ? =CP® 1, —)T [see
Eq. (16)], where we defined 75 = 1/[I" + 2i (nw, + 8)],and

)+ Y WL =des,0. Yu. (19)

me My

In the latter, 8,0 denotes the Kronecker symbol,
My is the set of all distinct nonzero integer numbers

myy=m—m; (j,l=1,..., N), andwedeﬁnedW(”m)
(A + B B and de=— N (Aee+ice) Mecus,
where  we  set Aé?ZAEE + (inw, ) T)1¢, Bg(?”’) _

Zj,l:m[]':m Zq,q/(Q]'vq
7
with (Cge)!, = —Ci) CL" and e = 30 5ee j with

N Q Q*
Sggj =Re Z Z 1_,/2 (CSS) s (20)
l:r{zlszO

We have t*
and Wee mm = W(n m)* [28]
< nr ol _mf
If we definey = (... X X,
column vector of all XE components, aswell as

=TT, (=n) (n)* n,—m) __ (n m)*
=17, ALY =AY BGT = BU,

.07 the infinite

—1,—-1) 1,0) 1,1)
WS(EO o Ws(so o Wéso )

w=| owe whe oy L @)
W(l —1) W(l .0) W(] )

/
the infinite matrix structured into the subblocks ng’") =

Zm€M0 Wég’m)(sﬂr,n_,_m (n, n’ ranging from —00 to +00), then
Eq. (19) yields the complex inhomogeneous infinite system of
equations

(I+Wy=c, (22)

@/ Tt (Cet)?) + T (Ce)] )
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T T T
with c= (..., él) ,céo) , él) )

()

..)7T the infinite column

vector of subblocks c: =d¢$,,0 (n ranging from —00 to +00)

and [/ the infinite 1dent1ty matrix. We directly have ng’”) =0,
V7. The solution of the system in Eq. (22) necessarily yields
xéo) # 0; otherwise, all other xén) components would solve a
homogeneous system of equations and thus vanish, in which

case the equation for » =0 could not be satisﬁed. This allows

us to define the matrices Qé » that map the xé ) vector onto x.”,

(m) (0) _
Vn: Qgg X;

[29]. Inserting x

(") . The g matrices are a priori not unique
Qén) 9 into Eq. (19) for n = 0 yields

1 A
= g, (23)
Ny Age +s¢
where A§$+f$§ = (Aee +526)” ASE and:gg = Z]’ Sgg,j,with

(ng)q G (24

Sgg’:]—RC ZZ F/Z

qq’ll

Equation (24) is the generalization of Eq. (15) of Ref. [9] to
the degenerate two-level atom case.

D. General and Exact Expression of the Radiation
Force

Proceeding along the same lines as in Ref. [9], the total mean
power absorbed from all plane waves and the mean net force
exerted on the atom can be expressed as P(¢) = Zj P;(#) and
F(x) = Z]' F;(z), respectively, with P;(z) = R;(#)h@ and
F;(¢) = R;(¢)lk;, where

Ri(1)=Im [R;(r) - x, (1], (25)

¢ — (q) . .
with Xﬂ('t) =) g Xo (¢)e, the three-dimensional vector of
contravariant components

(q)
my
Dry=— " C0 (ulf),(t) = iv1), (). (26)
m= m(q)

The vector x,(¢) is a true polar vector (see Appendix A), so
that obviously ;(#) - x, (#) is a scalar quantity. As a reminder
(91, R;(#) merely yields in the quasi-resonance condition, the
mean photon absorption rate, (¢ N/dt) ;(¢), induced by plane
wave j.

In a periodic regime, R;(¢) can be expanded according to

w00 R(”) et \with Fourier components R( ") When this

regime is unlque, these components are obtained by inserting
Eq. (18) into Eq. (25) and considering Qé;xg)) xé") , along
with xéo) as given by Eq. (23). This yields

R = L oo As

—= ue=-Tuls x", (27
Ny e ! 867 Aee + s BT U Ses i Xe 27)

wheresé'gj = (aé(g)] —i—osén) )/2, with

t )T
() E E q (n+mlj)
O, /A F/Z + l(na)c _s )(Cfé) . (28)

.q =1



3248 Vol. 38, No. 11 / November 2021 / Journal of the Optical Society of America B

In particular, observing that 52(2) i=sze; [Eq. (24)], the

temporal mean value R = R O of R (#) in the unique periodic
regime reads
5 _ T Age

R:

s —tt (29)
a N/S O Agg + s

and the corresponding mean force similarly reads

= _ T Aee )
Fi=— (ulsee ,————u: ) Bk;. 30
J ]V] < £ SE6,] A§§ +5§§ 3 i ( )

Equation (30) is a natural extension of Eq. (19) of Ref. [9].
Interestingly, the two-level atom case is also covered within
the present formalism. To this aim, it is enough to consider
J¢ = J. = 0and to open artificially the forbidden 0-0 transition
by forcing C(()O) to 1. All equations above then merely simplify to
the two-level atom formalism of Ref. [9].

To illustrate our formalism, we show how the stimulated
bichromatic force in a standard four traveling-wave configu-
ration [30] compares between the two-level [9] and multilevel
atom cases for several atomic structures. Light with pure 7
polarization (€; =7, V) was considered for the comparison.
We show in Fig. 1 the value of the resulting bichromatic force
(averaged over the 27 range of the spatially varying relative
phase between the opposite waves) acting in the direction of the
phased wave on a moving atom as a function of its velocity v for
AJ =1 with Je=1/2,1,..., 4. Figure 1 shows that the
polarization case yields poorer results than the ideal two-level
atom case.

3. SPECIFIC REGIMES

The general expression of the mean photon absorption rate
[Eq. (29)] can be interestingly simplified in several specific
regimes. We investigate some emblematic cases in the next
subsections.

A. Low-Intensity Regime

We define the low-intensity regime as the regime where
Z [2;]/ T« 1 (this requires that the sum of field inten-
sities be much smaller than the transition saturation intensity

T T T T T
6 7two—lcvcl case u
/2
Jg=1
x
=4
= /
= |
K =7/2
Y= -
0
-10 -5 0 5 10
v(T'/k)

Fig. 1. Stimulated bichromatic force F as a function of the atomic
velocity v computed via our formalism for a detuning § = 10T, a Rabi
frequency of /3728, a phase shift of 77/2 for one wave, €, =m,Vj,
and /, =1/2,1,...,4withAJ =1.
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[31]). In this regime, and provided the matrices Wégm) remain

small enough [32], we have s¢z j > §¢e ; and ﬁj can be directly
computed without solving the infinite system in Eq. (22) [33].
With all distinct frequencies, this implies [see Eq. (20)]

Q;,Q /
Sgg’jZRC Z(F/z—)( gg) . (31)

1-9

Otherwise, coherent effects can be observed. The
only incoherent contribution is obtained with an aver-
aging (-), over all phase differences. For N=2 with
€;=0" and €, =0, we get in particular R‘“C— (R])w ~
FN ug <S§§,]) (A§E+Zz Seei go) Agéllg For  such
polarization vectors, ~we further have (5z )y =
Re[(|;[2/T)/ (/2 —i8,)(Cee)y], where gq1=1=—g,.
Since (C, gg)?] has the block-diagonal structure (see Appendix B)

Cop)i 0
(ng)g=(( f)”)q <sz>3>’ (32)

with (C;)f = —C2'C" (¢ = p. 2), it follows that (5. ;)
has the same block-diagonal structure. In addition, Ags
behaves similarly, and since all (C pp)?] matrix elements are
real numbers, R}"“ simplifies to R}"C ~ F]\?ls]-f]-(s], 52),
with o =(QP/2/T%/4+6)  and  fiG1s52) =
“pT(Cpp)Zj (App + X0 5:(Cp ) T Ay,

B. Plane Waves with the Same Frequency

In this case, any periodic regime is a strict stationary regime
(R(”) =0, Vn;éO), and sgg ; [see Eq. (24)] simplifies to
Re[zq g (: )q (C&‘S)Z']’ where (s_j)z/ is the second-order ten-
sor (£2; 4 Q;//F)/(F/Z— i8), with § =4}, Vj. Here,  is
independent of time and merely identifiesto ) 824

For N=1, the index j =1 can be omitted, and we get
5o =s_(l +2i8/ F)eqe;, with s = (|Q%/2)/(T?/4 + §%)
and R:l"]\/flugfgg(/lgg + fie) ' Asgug, where we set

Sfie = Re[zq’q/ s_g/(ng)Z,]. For a given atomic structure and
in contrast to Agz and ug, the fz¢ matrix dependsons, €, and 8
(atconstants): fzz = frz (s, €, 8). We can thus expect the same
for R thatis dependenton fzz: R = R(s, €, 8). However, this s
not exactly the case: at constant s, R does not depend on 8. We

have [34]
R(s, €,8) = R(s, €, 0). (33)

C. Plane Waves with the Same Pure Polarization

If all plane waves have the same pure polarization g4 (€; = e,
V), then each Wégm)
W(" " and W(n ™ of dimensions dim x, X dimx, and

d1m xz x dimx, respectively, because so are the (Cgs)l
matrices, with corresponding blocks (C Pp)g and (C ZZ)Z. In
addition, the dim x7 last components of the dg vector vanish,

matrix is block-diagonal with blocks
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and its dimx, first components are denoted hereafter by d,.
Equation (19) then yields the decoupled system

(n)+ Z W(n ) (n+m)_d 87!07

me My
n n,m n-r+m 34
X Y WO (34)

me My

which can be solved separately for the x;”) and X(Zn) Fourier

(n)

components. The x3,° components satisfy a homogeneous

0, V. This implies that
the dimx last components of zé”) are zero, and then the

(? matrix is block-diagonal with blocks Q(”) and Q(Z")Z of
dimensions dim X, X dim X, and dimxz x dimx, respec-

tively. As a consequence, UE(;

system with trivial solution x(Z") =

are in turn block-diagonal
with the same structure, V7, and so are ség with correspond-

ing blocks 5;;) i and 5(”) In particular, Egs. (23) and (27)

yield x( =—N;! (AP,,+sP,,) "4,pu, and R =T N,

(
; P]n’)] (App "'Spp) 'A,pu,, respectively, with s, _Z Sppoi>
(0)

wheres,, ; = Spoij

In the low-intensity regime and with all dis-
tinct frequencies, we get sppj_:](Cpp)q and R;=
FN7 Sj p(CPP)q(APP ‘H(CPP) )~ 1A1>p“p’

Withx =3, sjands; = (1Q;1/2)/(T* /4 + sj .

respectively,

D. Plane Waves with the Same Frequency and Pure
Polarization

If all plane waves have the same frequency and the same pure
polarization ¢, €2(¢) is independent of time with an amplitude

Q= Zj Q;,and ﬁj simplifies to

- T

N /. (35)

2 bA]]gq‘i‘S

with 5; = Re[(2;Q*/T)/(I'/2 — i8)], S—Z sj» and where
§=8;,V]. ForA]_l orAJ =0withg = Oandhalfmteger
]g,zzA],]g,q—land

det[A? 1+ (=12 det[ A7, ]
b ppt §2.8 , 36
St et - O ded AL, ) )
with Appi_AP],:I:(CM,)q For AJ =0 with 4#0 or

integer /g, anj,j,.q =0n;.j,.q =0. In particular, we have
bl,]gil =1.ForAJ =1,Eq. (35) yields

i %1_:_% forg = =+1,
R:= 37
’ A org =0 e
Zbljg,O‘H 9=

For ¢ = £1, in the periodic regime, the atom is pumped into
the | /,, my = £],) state from which it interacts only with the
|/, m¢ ==],) state through the radiation action. The atom
then exactly behaves as a two-level system. For ¢ = 0, all popu-
lations are nonzero apart from 7, = %/, and the result is more
subtle. For A/ = 0, Eq. (35) yields R; = 0forg = £1and

0 if ]g is integer,
R ;= (38)

L__ %5
Tl y0% if Jgis half-integer,
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Fig.2. Valuesof(a) 51,/g.o and (b) bo,/g,o asa function of /.

for ¢ =0. For g =21, the atom is pumped into the
|/¢» mg = £/ ,) state on which o* radiation has no effect. For
g = 0and integer /,, since the Clebsch—Gordan coefficient cl
is zero whatever /,, the atom is pumped into the | /,, 7, = 0)
state from which 7 radiation has no effect. For ¢ =0 and
half-integer /,, all populations are nonzero. We recall that our
formalism does not apply for all plane waves with same polari-
zation in the AJ = —1 case [since det(AéO) B(O O)) =0].
Equations (37) and (38) perfectly reproduce the results of
Ref. [10] that investigate those specific configurations. We show
in Fig. 2 the parameters bI,]g,o and bong .0 asafunction of /,.

E. Two-Frequency Case

For N plane waves with only two distinct frequencies w and
@', the system can be tackled in a continued fraction approach
as in the two-level atom case [9], though with a matrix for-
malism. Within the commensurability assumption, we get
nk =7n'k’, with n and #’, two positive coprime integers, and
k [«'], the cumulative weight ) «; of plane waves of fre-
quency w [@']. Thisyieldsw, = |w — &'|/n,, withn, =n+#/,
w—o=mw, & —d=mw, with m=sgn(w— o )n,
m = sgn(a) — w)n’, and My ={%n,}. The Fourier compo-
nents XS ) that obey the infinite system in Eq. (19) subdivide in
two decoupled groups: a first group of components of indices
n = kn; (k € Z) and the group of all remaining ones (7 # k#n;).
The components of the first group get coupled between each
other through the system

X W) LW — ds, o (39)

The components of the second group satisfy a homogeneous
system and merely vanish. Therefore, the only « priori nonzero
Qé? matrices are for the 7 indices of the first group, and
similarly for the R and F” Fourier components (as for
two-level atoms [9]). As long as one can define the matri-
ces Qgé ™ onto xé”m), Vm, n: (2 ) éﬂ)
én+m), Eq. (39) ylelds, Vn=kn, #0, Q;’é o)
-Wi *””/(]15 + WL Q™). where A/ B = B~ A. This
W(”’ ‘”f’/[]lg + K2, (Pee /1)1, with
Peg = Ws(énj nS)W((kH)”: T and K (Peea/1e) =
Pee /(g + Pegn/(Lg + Peg 3/ ...)), provided all matrix

inverses hold. For n=/n, with £>1, Eq. (39) also
—( (kns

that map X

implies

yields the recurrence relation Qé(;ﬂ)"‘ =
—k Yk ~(k—=1)n;) (kng ,ng)
Wéé et Qe )/ Weg ™" that  allows for the
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calculation of the remaining Qgg”‘) along with all nonzero

Fourier components Rﬁ.k"‘ ) and F;lm: ).

4. CONCLUSION

In conclusion, we have extended the formalism of Ref. [9] to
the multilevel atom case, where Zeeman sublevels and arbitrary
light polarization are taken into account. In that context, we
have provided a general standardized and exact analytical for-
malism for directly computing in the asymptotic regime and
within the usual rotating wave approximation the mechanical
action experienced by a single multilevel atom lightened simul-
taneously by an arbitrary set of plane waves. By use of a Fourier
expansion treatment, we provided an exact analytical expression
of all Fourier components F;") describing the light forces in
the periodic regime if unique. In particular, we generalized the
expression of the steady mean net force from Eq. (1) to Eq. (30),
involving matrix quantities whose dimensions depend on the
atomic structure. In addition, we highlighted some simplifi-
cations that hold in specific regimes. The computation of the
Fourier components related to the light forces relies on the
solution of an algebraic system of equations and does not require
numerical integration of the OBEs with time.

APPENDIX A: REFERENCE FRAME ROTATION

The states2 |/¢,mg) and |],,m,) are common eigen-
states of J and /., with J the total angular momentum
and /, its z component in the considered reference frame
S. If S is rotated according to Euler angles o, 8, ¥ to
a new configuration S, the component J, transforms
o [, =R, B,y)/ R, B, v, with the rota-
tion operator IAQ(ot, B,y)= e~z g=iB]y /=iy ]z/h
)
[35]. J remains unchanged, and the common eigen-
2 ~ ~
states of J and [/, read |/, mi) = R(a, B, V)| ks mi)
(k=e, g). The elements of the basis transformation matrix
(J#, m|Je, m)) are given by the so-called Wigner func-

dons DYY (o, B, y) = e imeatmin) gU0 gy with
k

mp,m mp,my,
AL (B) = Ayt () Bt (BY P " 7 (cos B, where
A () =T + T —mHON/IT +m)(J —m)l],
Bm,m/(,B)=[sin(ﬁ/Z)]’”’_m[cos(ﬂ/Z)]m/+’”, and where the
P9 (z) are the Jacobi polynomials [35]. If p(#) and p(2)
denote the density matrices of the atomic state 4(#) in the
{1/e, mp)}and {| /1, m;)} bases, respectively, we get

p()=D(e, B, ¥) p(OD(, B, ¥), (A1)

with D(a, B, V) = Brh=cg DUB (a, B, y), where
DYP(a, B,y) is the unitary matrix of elements

pY :) , (o, B, y). It follows that the associated OBE column
mp,my,

vector x(#) transforms according to

x(0) = 1(a, B, y)x(2), (A2)
with the transformation matrix

_ 7;0(0(7 ﬂv ]/) 0
T(a, B, y)= < 0 Tge (o, B, V)> ’ *)
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where

(LB T p)
Tl Boy) = ( T, (8.v) Tusa. . y)) B

with blocks 75, (et, B, v), T,,(B), T,z(ct, B), T7,(B, v), and
T77(a, B, y) as explicitly detailed below. The OBEs from
Eq. (11) in the S reference frame then read

%J_K(f) =A(")x(2) +b, (A5)

with
A(r) = T(a, B, ) AD T(a, B, y)~! (A6)

and
b= T(a, B, y)b. (A7)

Thanks to the orthogonality relations of the Clebsch—
Gordan  coefficients, to the orthogonality of the
dV(B) matrices of elements d;lq)m, (B), to the trans-
formation law of the spherical components of any
three-dimensional ~ space  vector v, (v, v, y_l)Tz
DDV, B, ) (v, vo, v_1)7, and to the identities

(q) ;(Je (4" (Jg)

Cildy) Z,/,,g)+q B=x,Cl a7, B B and

(9) _ (4" ;Ue) (1)
Cm[—qdmeg—q,mg (:B) = Zq’ Cmg dmp,mg+q’(ﬂ)dq,q' (,3) (SCC,
e.g., Ref. [36]), which imply, Vmy , mpy,=—]4, ... Jk

_ (q) 4(Je) (@) ;Je) —
(/€ =e, g)’ Zq Cmgl qu gy +q (ﬂ)cmgz dmez,mg2+q (13) -

Jg) Jg) ..
Y, O (BIC Ay, (B), the explicit

calculation of Egs. (A6) and (A7) yields, as expected,
A(t) = =T Ap + Im(R(2) - e() (A8)

and b="b, where e, = Zq C(q)gq, with e, the S lower-index
spherical basis, such that 2(z) - e, = Zq Qq #CD,

Similarly, the transformation law x, (#) = 7,, (o, B, ¥ )x,(2)
[see Eq. (A2)] directly yields the standard contravari-
X, X x T =
DD (e, B, v) (7, x @, x7V)T that proves the vectorial
characterof x , (¢) [see Eq. (25)].

ant transformation law

1. Too(a, B, y) BLOCK

In accordance with Eq. (8), the 7,,(«, B,y) block is
structured into vertically and horizontally ordered sub-
blocks YZ{IAW'A’”/)((X, B, v), with respective indices Am
and Am' both ranging from —(/, +J,) to J.+ J,. The
subblocks Y}fm’Am/)(a, B,y) read i(fm’A”’/)(ﬁ) ®

UiAm’Am )(a, ), with matrix elements (TBmA7) (BY),) e =

Jg) Je (Am) (Am)
dm’%m(ﬂ)dm]’lAm’,m-ﬁ-Am(ﬂ) (m=m>"",...,m{™ and
m' = m" ), el mf’” ))andwhere

, (Am,Am") (Am,Am")
AT ,(ot, Y) 54 ,(a, V) 7
Fo i @ y) £ (y)
(A9)
with ciAm’Am es y)=cos(Am'a = Am y) and
sSAmA) (o ) =sin(Am'a £ Am ).
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2. T,,(8) BLOCK

The 7, (B) block is structured into four subblocks (one is zero)
as

A Tpepe B 0
o208 gaw) e

with subblock ~elements (7}, 5, (B)),, .y = (5 (B),
Tpgpe BV g, = =5, (BY2 and (T, (B, =

(d:”{ég*)’”g B)* — (d(_jgg)_mg (B))*,  where my, m; =—J,+
Stge-wes Ju (k=e. ).

3. Tz (B, y) BLOCK

The 77, (B, y) block is similarly structured into four subblocks
(among which oneiszero) as

(Top B 0
T (B, ”‘(ngpe(ﬂ, V) Ty (6, y))’ (A11)

where the subblocks 17,5/ (B,v) (k,l=¢,g) are them-
selves further divided [in accordance with Eq. (10)] into

vertically ordered subsubblocks 7}?;7) (B, y) indexed with
Am=1,...,2];. The subsubblocks 7;?;7)(,3, y) read
T (B) ® (cos(Am y), —sin(Am )T, with
elements (T B, =4 (BT (B),
T BN gt = =5 <ﬂ)d§?j;,)mg%m(5>),
= Am) _

ar:;i) U( )zgm B, =t BV 0, (B =
AZJ e BV inm(B)> Where mp=—]p. ... Ji — Am
andm;e =—/; —I—(S/e’g, ceis Sk (k=€,g).

matrix

4. T,z(e, f) BLOCK

The 7, z(a, B) block is structured into two diagonal subblocks
as

T, 1 (@ B) 0
"o T, , (@, ﬂ)> - (A1)

where the subblocks 7,7, (a, B) (k=e, g) are themselves
further divided [in accordance with Eq. (10)] into hori-

zontally ordered subsubblocks T;kAZ"Z)(a, B) indexed with

Am=1,...,2];. The subsubblocks T;?Z’Z)(a, B) read
T8 (B) ® (cos(Am ), sin(Am ), with matrix  ele-

Tyz(a, p) = (

PkLk
S Am) _ > Ue) k)
ments (7,570 (B)) e, = 24,0 (BYAEL . (B), where
m/e=—]/€+3/€,g, ,]kandm;e:—]k, ceis Jo — Am.

5. Tzz(a, B, ) BLOCK

The Tz(e, B, ) block is similarly structured into two diago-
nal subblocks as

_ TZng (C{, .Bv y) O
TZZ(av ﬂv y)_( 0 TZng(Olv :3’ V)>,

(A13)
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where the subblocks 77,7, (o, B,y) (k=e,g) are

themselves divided [in accordance with Eq. (10)] into ver-

tical and horizontal subsubblocks TékAZ’Am/)(Ol, B,v),
with respective indices Am=1,...,2], and Am' =
1,...,2];. The subsubblocks TékAZ’Am )(ot, B,v) read

~ 7 ! . .
Yoee T2t (B @ U2 (a, y), with matrix  cle-
S Am, Am’) ) /3]
ments (7575 (B, = 4,10 (B s i, ()
FHAm, Am') — Uw k)
and (T30 2" BNy, = AL BV s (B,

where mp=—Jp, ..., i —Am and my=—J4, ..., J4 —
Am' (k=e, g).

APPENDIX B: EXPLICIT VALUE OF THE (Cg,;)g,
MATRICES

The matrices (ng)‘q], = —Cg) C%,) * are structured into four
blocks as
(Cpp)q/ (CpZ)qr
(Cee)!, = ( : : ) . B
(CZp)q/ (CZZ)q/

with (C”)Z/ = —Cr(Z)Cg?,)* (r,s =p, Z). These blocks are

themselves further divided into four subblocks as

(Crs)l (G
rgsel g’ rgsg/q’

where again (C”@”)?]' = —C,(Z,Z C,%)* (k,[=¢,g). These
subblocks are detailed below.

1. (Cp,p)?, SUBBLOCKS

For k,/=e,g, we have (CPIePI)Z’:(CPkPl)za%q/’ with

(CN'PkpZ)Zz—C';,?gCS%. The (@m)? matrix elements are
indexed with the two numbers m = —/J; + 844, ..., /i and
m' =—]1+84..... J1. They are a priori only nonzero

if m—mqe {m(_q), el mfz)}, in which case they read

[(épkpl)g]m,m’ = ;lle(c,(nqlnkq)z((sm,_]g_‘_nkq +
218! mt-(ny—npyg )/ 2+ All (CPP)Z’ matrix elements are real

explicitly
numbers.

2. (Cp,z)7, SUBBLOCKS

Fork,/=¢, g,wehave

(CP/eZl)Z/ = <(6;(>1,e)2,):, (C;i)z,);[, 0) : (B3)

The 0 block is of dimension dimx,, x Zfils dim x(Zl; and,
forj=1,2,

(CY) y1 = Odimxpkxdimx(zjl) if |[Aq| # 7,
)y = (é;f:ﬂ)g/ ® (1, sgn(Aq)i) otherwise,
(B4)

. _ () g ) Ag.1AqD)
with Ag=4g"—g and (Cpkzl)q/——C},MC{)Zlﬁsgn(Aq)

for Ag#0 (see Section 2). Hence, (Cpkzl)gzo, Vgq.
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The (CV']()]/;)ZZ)Z/ matrix elements are indexed with the two num-
bers m=—Jp +8kg, ..., Jr and m' =—];, ..., J1 —|Aq].
They are a priori only nonzero if m — npq € {m(,q), e m(f)},
in which case they read explicitly [(C}()]/e )ZI)Z’]’"*’”/ =

~ ~ 5(g) (4" L
(”/e”/Cmfn/zqCmfn/qur(n[f1)Aq8”’/*’”+(ﬂlq’*”/eq*f)/2)/2'

3. (Cz,p,)7, SUBBLOCKS

Fork, [=e¢, g, wehave

~(1) g
€,

(CZ,@[)/)Z/ - (6(22:])[)3/ . (B5)

0

The 0 block is of dimension ZZZ ’g dim x(le x dimx,, and,
forj=1,2,

O%im‘x%:xdimxpl lf|Aq| ;é j’
(C(Zj/e)pz)q’ ® (1, Sgﬂ(Aq)i)T otherwise,
(B6)

. () g _ _ ~U8qlg)  AgD
with (CZ/em)q’__CZ/eo,sgn(Aq) op; for Ag #0, where

~ 7 ~ () T
gﬁf’i’q ) = —quzlij‘) for €e = +£1 (see Section 2). Hence,

~() NI _
(CZkPl)q' -

(CZ/eP/)Z =0,Vq. The (CV'(Z];PZ)Z/ matrix elements are
indexed with the two numbers m=—/;, ..., J; —|Aq]

and m'=—];+ 8,4, ..., Ji. They are a priori only nonzero
if m—mg —[1—sgn(Ap)1Ag/2€ (D, .. W9},
in which case they read explicitdy [(C 9 Y o =

; Zrpi
~ ~(q") ~(q) - ,
(”/ecf(g/)c_]g—((nk)— 1)Aq5m,—]g + (g +npqg—7)/2 +
> >0\ q - - .
nk”lcm/ _ n/q’Cm’fn[q’f(nkfI)AqSm,’m+(”/q/_”/€q+/)/2)/4'

We note that (Cka/)Z' #* _[(CZzP/e)Z’]T'

4. (Cz,z)] SUBBLOCKS

Fork, [=e¢, g, wehave

~ 1 L
Caml=Y Crnal® (61. f’)

e=+1

+(Crn)® (_Iqi i ) 5,y (BT)
with (6421’8);1, and (éZkZl)z as described below.

If diag " (X1, ..., X,) denotes the rectangular matrix whose
elements are matrix blocks, with X, ..., X, the only nonzero
such elements exactly located on the pth superdiagonal (or
subdiagonalif p < 0) of the rectangular matrix, then we have

(Cozmoly =diag_n, (CHLD o CELDL) .
(B8)
where Am_ =max[1, 14+ €Aq], Amy=Am_+
2min(/,, /o) — 1, and, for Am=Am_,...,Amy,

(5226)3/ is a matrix block of dimension (dim x(ZAkm)/Z) X

(dim x(ZAlm_éAq)/Z). These blocks are @ priori only nonzero

for Am+eq<],+ ], in which case they identify
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_ 6(Am,q+eAm) >(q+eAm,Am—eAq)

to with matrix ele-

Zpo € 0Z],€ >
~(Am) \q — (. ()
ments [(CZ/zZ[,E)q’]mvm/ = (nknl/4)cm—(l+ﬁk)q/2+(l—eﬁk)Am/Z
(4" _ ~
Cm+(1—eﬁ[)Am/Z—(ﬂ/eq—ﬁ[Aq+q’)/28m/-l"" where w=m+ (l’l[q

—npg +€Aq)/2, m=—J4 ..., Ji—Am, and wm' =
—Ji -, Ji— Am+elgq.
We also have

ifg =0,
) otherwise,

_ O(dimx, /2)x (dimxz, /2)
(Czz)i= ((Czkzl)z 0
0 04, xd

(B9)

with, for k=e, g, dp, = Zfi’; dimx%l/Z:]/e(Z]/e — 1), and

~ ~(1,0)  A(0,1) > .
(CZ/eZz)LqI =— Z/Zo,quoZ[,q’ The (CZ/eZZ)Z matrix elements
are indexed with the two numbers m =—/, ..., /, — 1 and

m' =—], ..., Ji— 1. They read explicitly [(éZkZ/)Z]m,m/ =
~ o~ (9) (=)
Gt [C,15 (13 2Co L1 gy 2O m—Giaig 12
The (CZ"ZZ)Z/ subblocks are such that (CZZ)Z/ =[(Cz)? 17
and (Cz,2.)} =[(Cz2)}1",¥q. 4'. Inaddition, 3, (C22)]

is a real matrix.
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